Patron: Her Majesty The Queen Rothamsted Research
\D Harpenden, Herts, AL5 2JQ

ROTHAMSTED  Telephone: +44 (0)1582 763133
RESEARCH Web: http://www.rothamsted.ac.uk/

Rothamsted Repository Download

A - Papers appearing in refereed journals

Gower, J. C. 1985. Properties of Euclidean and non-Euclidean distance
matrices. Linear Algebra and its Applications. 67, pp. 81-97.

The output can be accessed at: https://repository.rothamsted.ac.uk/item/8q181.

© Please contact library@rothamsted.ac.uk for copyright queries.

15/05/2019 08:53 repository.rothamsted.ac.uk library@rothamsted.ac.uk

Rothamsted Research is a Company Limited by Guarantee
Registered Office: as above. Registered in England No. 2393175.
Registered Charity No. 802038. VAT No. 197 4201 51.

Founded in 1843 by John Bennet Lawes.


https://repository.rothamsted.ac.uk/item/8q181
repository.rothamsted.ac.uk
mailto:library@rothamsted.ac.uk

Properties of Euclidean and Non-Euclidean Distance Matrices

J. C. Gower

Statistics Department
Rothamsted Experimental Station
Harpenden, Hertfordshire AL5 2]JQ, United Kingdom

Submitted by Ingram Olkin

ABSTRACT

A distance matrix D of order n is symmetric with elements Féd?j, where

d,,=0. D is Euclidean when the §n(n — 1) quantities d, ; can be generated as the
distances between a set of n points, X (n X p), in a Euclidean space of dimension p.
The dimensionality of D is defined as the least value of p = rank(X) of any generating
X; in general p+1 and p+2 are also acceptable but may include imaginary
coordinates, even when D is Euclidean. Basic properties of Euclidean distance
matrices are established; in particular, when p = rank(D) it is shown that, depending
on whether e’ D~ e is not or is zero, the generating points lie in either p=p —1
dimensions, in which case they lie on a hypersphere, or in p = p — 2 dimensions, in
which case they do not. (The notation e is used for a vector all of whose values are
one.) When D is non-Euclidean its dimensionality p = r + s will comprise r real and s
imaginary columns of X, and (7, s) are invariant for all generating X of minimal rank.
Higher-ranking representations can arise only from p+1=(r+1l)+sorp+1=r+
(s+1)or p+2=(r+1)+(s+1), so that not only are r,s invariant, but they are
both minimal for all admissible representations X.

1. INTRODUCTION

The motivation for the following arises from the statistical problems of
multidimensional scaling and ordination. However, few of the results obtained
have immediate statistical applications; rather it is felt that these results have
an intrinsic interest and eventually may help a better understanding of the
statistical methodology.

In multidimensional scaling, an observed positive symmetric matrix is to
be approximated by the “pairwise” Euclidean (sometimes other Minkowski)
distances generated by a set of points whose coordinates are to be estimated
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82 ]. C. GOWER

in a specified number of dimensions. There are two general classes of
goodness-of-fit criteria. In metric multidimensional scaling the differences
between observed and fitted distances are minimized according (in general)
to some least-squares criterion; in nonmetric multidimensional scaling only
the ordinal values of the entries in the observed matrix are to be approxi-
mately reproduced as measured by suitable criteria. The terms metric and
nonmetric can be misleading in the context of multidimensional scaling, for in
both cases a metric (usually Euclidean) is fitted to the data—the distinction
refers to whether the goodness-of-fit criterion is of least-squares type (metric)
or is ordinal (nonmetric). This is not the place to go into details; see e.g., [3, 4]
for an introduction and further references.

A problem of metric multidimensional scaling with non-Euclidean ob-
servations is of direct relevance to the following. The question arises as to the
existence of a maximum number of Euclidean dimensions that can be fitted,
after which no further improvement is attainable. Gower {2] shows that a
non-Euclidean matrix of order n has best Euclidean fit in no more than n — 2
real Euclidean dimensions, but it is conjectured that the upper limit is near to
the number of “real dimensions” in the data, which may be much less than
n — 2. With Euclidean data, the number of real dimensions is easily defined,
but with non-Euclidean data, closer examination is needed to define exactly
what is meant, and this is one of the aims of the paper. Those familiar with
multidimensional scaling should note that, apart from setting a possible upper
bound to the number of dimensions that can be fitted, this conjecture has
little bearing on deciding the smallest number of dimensions required to give
a good approximation to the data.

Before attempting detailed analysis of this class of statistical problems, the
basic mathematical properties of distance matrices are required, but little
seems available in the literature. The following is an attempt to provide some
initial results. Incidentally the material on the g-circumhypersphere provides
some new results on best-fitting circles and hyperspheres.

Throughout this paper we shall be concerned with a real symmetric n X n
matrix D with elements — %diz]. and with zero diagonal. When a set of n
points can be found in a Euclidean space of some dimensionality such that all
$n(n — 1) interdistances generate the values d,;, D is said to be Euclidean.
Writing e for a vector all of whose values are one, Schoenberg [5] showed that
D is Euclidean iff

F=(I-es")D(I—se") (1)

is positive semi-definite (p.s.d.), where s =e/n or s = e;, a unit vector with
zero everywhere except in the ith position. Gower [1] generalized this result
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to show that the result was true for any s such that s’e =1 and Ds # 0,
deriving the result ab initio. To derive the general result from Schoenberg’s is
trivial, for

so that when F is p.s.d., so is F,. Conversely, because F = (I — es” )F,(I — se”),
it follows that when F is not p.s.d., neither can F, be.
The condition Ds # 0 turns out to be superfluous, for if Ds = 0 then

T
D
sTFs = (sTe)zg—r—lz—g.

Now e'De = ¥( — éd?j) < 0, with equality only when all distances are zero, a
possibility we exclude. However, because F, is p.s.d., s"F;s > 0, so s’e =0, a
result obtained less directly in Section 3 below. This shows that whenever D
is Euclidean, then s’e =1 and Ds = 0 are incompatible. If D is non-Euclidean,
we shall see below that it is possible to find s such that Ds = 0 with s’e = 1;
with this choice of s, F = D with zero trace, and hence F is not p.s.d., as is
required for non-Euclidean D.

If F = XXT7 is any decomposition of F, then the rows of X give coordinates
of points that generate the distances d; P and clearly X’s =0, so that s
determines the position of the origin; the different decompositions give
different orientations about this origin. Schoenberg’s choices s =e/n and

= e, place the origin at the centroid and at the ith point of the configuration

of n points. Gower [1] discussed the geometrical significance of other choices
of s and, when D is of full rank, found explicit formulae for placing the origin
at the circumcenter, incenter, and also excenters of the configuration. In what
follows it turns out that the circumhypersphere and its radius play a central
role, so that for completeness, and to exhibit the development in its simplest
form, the case when D is of full rank is reexamined.

From F = XX it follows that the ith value of diagF gives the squared
distance of the ith point from the origin determined by s. Now diagF may be
exhibited as the column vector:

(STDs)e — 2Ds. (2)

This vector, then, gives the squared distances from the origin, and if this



84 ]. C. GOWER

origin is to be the center of the circuamhypersphere of radius R, then (2) must
satisfy

(s"Ds)e — 2Ds = R%, (3)
which, since D is nonsingular, has solution
s=kD e

for some constant k. The existence of such a solution proves the existence of
the circumhypersphere when detD # 0. The condition s’e =1 immediately
determines k to give s =D~ le/e’ D e, which on substitution into (3) gives

R*= —(¢'D ') ',

indicating the additional requirement that e’ D~ le # 0 (see Section 3). This
gives:

TaeoreM 1. If D is Euclidean, detD # 0, and ¢'D e+ 0, then a
circumhypersphere exists with radius given by R%2= — (e'D 'e) "' Coordi-
nates X relative to the circumcenter may be found by setting s=
D le/e"D e in F and using any decomposition F = XX,

Because R? is necessarily nonnegative it follows that:

CoROLLARY. When D is Euclidean and detD # 0, then ¢'D e < 0.

A direct proof of the result seems difficult.

The following examines what happens when these conditions are succes-
sively relaxed. First we consider a D not of full rank, establish the condition
for a circumhypersphere to exist, and examine the consequences of one
definition of a best approximating hypersphere when an exact one does not
exist. Then the relationship between the rank of D and the dimensionality of
X is established, also the relationship between the null spaces of F and D.
Finally the condition that F is p.s.d. is relaxed, so that X may not be real and
D may be non-Euclidean.

2. THE EXISTENCE OF A CIRCUMHYPERSPHERE

When D is not of full rank, the equations (3) may be inconsistent and have
no solution. The points generating D then cannot lie on a hypersphere. An
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approximate circumcenter could then be defined in many ways, but it is
convenient to work in terms of the deviations from the average squared
distances from the origin, which are obtained immediately from (2) as

—~ 2(1 - N)Ds, (4)
where N = ee’/n.

DEriniTiON.  The gcircumcenter, a generalized circumcenter, is defined
to be the origin given by the setting of s that minimizes the sums of squares of

.

This sum of squares is 4s" D(I — N)Ds and is to be minimized subject to
e’s = 1. Thus we must solve

D(I — N)Ds = Ae, (5)

where 4A is the minimum sum of squares. When A = 0 the sum of squares of
deviations is zero, so that all deviations are zero, a proper circumcenter exists,
and

(1-N)Ds =0,
giving
1
Ds = ;(e Ds)e, (6)

which is a form of Equation (3). When A # 0 only a g-circumcenter exists.
These two situations have to be considered separately, but premultiplying
both (5) and (6) by DD~ shows that DD e = e for all real values of A and
any generalized inverse D~. Similarly, postmultiplying the transposes of (35)
and (6) by D~ D shows that e’ D~ D = ¢’. The above argument requires only
that DD~ D = D, which implies that these results must hold for any g-inverse
D™ . It is easy to verify this, for if D~ is any other g-inverse, then there exist
matrices P and Q such that D™ =D~ +I-D " D)P+Q(I — DD ), giving
DD~ =DD  +DQI—-DD ) and hence DD"e=DD e=e. It also fol-
lows that e’ D e is invariant to choice of g-inverse, a result needed below.
This gives:

THEOREM 2. Any Euclidean distance matrix D with any generalized
inverse D~ satisfies DD e=e and D D =¢".
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This result is trivial for full-rank D, but for other cases gives the identities
that must be satisfied by distances between a set of n points. The relationship
between the rank of D and the dimensionality of the points that generate D is
nontrivial and is discussed in Section 3.

2.1. Existence of a Circumcenter
It follows from Theorem 2 that the equations (6) are always consistent
with solution

s=kD e+(I-D " D)P,

where P is arbitrary and k = (1/n)(e’ Ds)= (e’ D e) . Substituting for s in
(3) and using Theorem 2 yields

R%= —(e'D7e) -

which has been shown above to be invariant to the choice of g-inverse. The
only difficulty occurs when ¢’ D e = 0, in which case R and k are infinite. In
a sense this solution is acceptable, for it is a generalization of the concept of
regarding three collinear points as lying on a circle of infinite radius.
Nevertheless this solution is rejected in the following, and the concept of the
g-circumcenter is developed.

Substituting for s into (1) yields F = D — ee’/e’ D ~e, which is not only
invariant to the choice of ginverse but also to P. This establishes the
uniqueness of the circumhypersphere and shows that nothing is lost by taking
P=0.

TueoreM 3. For every Euclidean distance matrix D, there exists a
circumhypersphere iff €D~ e # 0. This has radius given by R® =
—(e'D"e) ! corresponding to s=D"e/e"'De.

As for Theorem 1, we have the following:

CoroLLary. When D is Euclidean then ¢e'D e < 0.

2.2. The g-Circumcenter
When /D e = 0, the solution to (5) is required. This equation may be
written

D% = le+ %(eTDs)De. (7
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It is now convenient to use the unique Moore-Penrose inverse D™ of D.
Premultiplying (7) by e’D* 2 and using the commutative properties of D*,
Theorem 2, and e’ D*e = 0 gives

l=els=Ae'D" %,

identifying A as being independent of any particular solution for s of (7). In a
similar manner to that used in Section 2, any g-inverse (D2?)” may be
expressed in terms of (D2)* =D*? to show that e/(D?) e=e'D" % and
hence that A may be expressed in terms of any g-inverse of D2 This
invariance does not extend to €'(D " )%.

Premultiplying (7) by s"D" and e’ D" gives, respectively,

s"TDs=As"D" e+ %(STDG)
and
e'D¥s=Ae'D" e+ %(eTDs)(eTD+ %).

The squared radius of the g-circumhypersphere is the average squared dis-
tance from the g-circumcenter and is given by the average value of the
elements of (2) as

2
R2=s"Ds— —¢'Ds,
n
which on substituting the values found above gives

R2 _ eTD+ 3e

£ (D" %)?

showing that Rﬁ does not depend on the particular solution of (7) for s. Again
eD*% may be written in terms of any g-inverse to give R2 =

e'(D%) e/[e'(D?) e]2 Expressing (D2) in terms of D*2 and arbitrary
matrices, as above, it may be verified that solutions to (7) are given by

s=A(D?) e+ u(D?) De+[I-(D2) D2|P, (8)
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where p = e’ Ds and P are arbitrary. Substituting (8) into (1) yields
F=D-A(D*e+e' D" )+ A(e'D* %)ee’

irrespective of the choice of g-inverse of D? and of P. This establishes the
uniqueness of the g-circumcenter and also that nothing is lost by taking u =0
and P=0.

TuEOREM 4. For any Euclidean distance matrix D with e'D"e=0
there exists a g-circumhypersphere given by s = (D*)"e/e'(D?)~e and with
radius R, where R2 = e'(D®)"e/[e'(D?) "e]>

3. RANK AND DIMENSION

DeriniTION.  The dimensionality of D is the rank of the matrix X with
least rank that generates D.

Thus the dimensionality of D is the dimension of the space containing the
points that generate D. The requirement of least rank arises from the
consideration that

X1=(1) with rank 1
and
X2=(1 1) with rank 2,

both generating

_ 10 1
D= 2(1 0)‘

We shall see that the dimensionality of D is the same as the rank of F, where

F is given by (1).
Consider

Fi=(I-es")D(X—se") and F,=(I—et")D(I-te'),
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where

We have
F,=(I—et")F(I-te),

and because rank(I — et”)=n —1 it follows that rank(F,) < rank(F,). Simi-
larly rank(F, ) < rank(F,) and hence rank(F, )= rank(F;).

DEerFiniTION. A matrix of the form (1) is termed an F-matrix. A matrix of
the form G = D+ge” +eg” is termed a G-matrix.

The above shows that all F-matrices have the same rank. By writing
h=1(s"D)e — Ds we have that F =D +he’ +eh’, showing that every F-
matrix is a special case of a G-matrix. Also

G=F+(g-h)e"+e(g—h)",

from which it follows that rank(G)< rank(F)+2 and that F = —es")G
(I — se"), giving rank(F) < rank(G). Thus

rank(F) < rank(G) < rank(F) +2. (9)

Suppose G = F+me’ + em’ is a G-matrix of minimal rank (i.e., it has the
same rank as any F-matrix). The eigenvectors of me’ +em” span the space
determined by e and m, and because these do not increase the rank of F, they
must lie in the column space of F, i.e., there exist nonzero vectors v, and v,
such that

Fvi=e and Fv,=m.

Hence G = F +Fvy[F +Fv,v, F, from which we have (I — es?)G(I — se ) =
G. But from the definition of G, (I — es”)G(I — se’)=F and hence F =G,
Thus all G-matrices of minimal rank are F-matrices.

Gower [1] showed that if X generates D, then XX7 is a G-matrix. Thus
F-matrices give matrices X of least rank that generate D. These results may be
stated as:

TueoreMm 5. All G-matrices of minimal rank are F-matrices. All F-
matrices are G-matrices of minimal rank. This invariant minimal rank is the
dimensionality of D.
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It follows that the dimensionality of D is related to the null space of F.
Suppose rank(D)=r, so that D has n — 7 linearly independent null vectors

v 2 =129 ) whore The — N Do Tatalisin - Lo T i T N
Xa\t=1,4,..., 11 T ), WHEIC X, = U. ITeMulupilying oy € v gives e x; = u,

as was shown by a different argument in Section 1. Also
Fx,=(I-es”)(Dx, — Dse'x;)=0.

Thus the null vectors of D are also null vectors of F, but F will also have other
null vectors, of which s is clearly one—the condition s’e = 1 ensures that s is
linearly independent of all the x,. Suppose y is any other null vector of F;
then

Dy = ke + (ey)Ds, (10)
where
k =s"Dy — (s"Ds)(ey).

Premultiplying both sides by e/D ™ shows that either k =0 or e'D e =0. In
the first case (10) becomes

D(y - (¢y)s) =0,
so that y — (eTy)s = L7_7A x, for some A, (i=1,2,..., n — r), showing that y
is linearly dependent on the already established null vectors of F. The rank of

F is therefore r — 1.
When e’ D~e =0, (10) gives

D(y — (¢'y)s) = ke,
D(y — (e"y)s —kD~e) =0,

giving
n—1

y=(eTy)s+ Y A;x,+kD"e. (11)

i=]1

Thus the only null vector of F that may be linearly independent of the x; and
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s is D "e. The condition for dependence is that there exist «; and «, not all
zero, such that

n—r
D e= Y ax,+as.

i=1
Premultiplying respectively by ¢’ and D using Theorem 2 gives

a=e'D e and e=aDs,

so that when e'DD~e =0 we have a contradiction and linear dependence is
not possible; D e is then a further independent null vector of F. It must be
established that different choices of g-inverse do not give additional indepen-
dent null vectors. Expressing D~ in terms of the Moore-Penrose inverse D*
and matrices P and Q gives D™ =D +(I - D*D)P+Q(I — DD*). Hence
from Theorem 2, D"e=D"e+(I1— D" D)p wherep=Pe. NowI —-D*D =
Yi_x;x7 so that D"e=D%e+X;_,l;x;, where [, =x"p. It follows that the
null vectors x; of D, together with s and D e (for any g-inverse D™ ), span
the null space of F, which therefore must have rank r — 2. These results, with
Theorems 3 and 4, may be combined to give:

THEOREM 6. Al the null vectors of D are also null vectors of F, and
- they satisfy €"x,; = 0. F always has s as a further null vector. If rank(D)=r
then the dimensionality of D is:

() r—1 iff D e+ 0, in which case the generating points lie on the
surface of a hypersphere, or

(ii) r— 2 iff ' D e =0, in which case the generating points cannot lie
on the surface of a hypersphere and D~ e is a further independent null vector
of F.

4. NON-EUCLIDEAN DISTANCE

When D is non-Euclidean, F is not p.s.d. and no real X can generate D.
For those D for which DD ~e = e remains true, the results found in previous
sections remain valid. However, when DD ~e # ¢, the equations (5) are not
consistent and neither a circumcenter nor a g-circumcenter exists. The
quantity s” D(I — N)Ds may then be made arbitrarily close to zero. Theorem
5 still gives the dimensionality of D, but the nonreal nature of X needs
analysis for a full understanding of its structure. We shall see that X derived
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from any F-matrix will have r real and s purely imaginary columns and that
and s are invariant. Further, for any G-matrix the corresponding values will
not be less than r and s.

4.1. Rank and Dimension — Non-Euclidean Case

Although Theorem 5 still gives the dimensionality of D as the rank of F,
when DD ~e # e the rank of F will now equal r, the rank of D. This essential
difference from the Euclidean case is established as follows.

When DD e # e, then D must be singular. Suppose D has nonnull
vectors x; (i =1,2,...,r) and null vectors x; (i =7 + 1,7 +2,..., n) chosen to
be orthonormal. Then DD* =x xT+x,xL+ -+ +x,x7 and £'_ x,;x7 =1
Thus

n
DD'e=e— Y x;xle.

i=r+1

Now DD e # e implies DD e # e, so that ©'_, . ;x (x7e) # 0 and for at least
one null vector x of D we must have x”e # 0. This differs from the Euclidean
case, because we may now choose s =x so that s’le=1 but Ds=0. The
corresponding F-matrix becomes

F=(I—-e”)D(I—-se')=D.

The proof of Theorem 5 that rank(F) is minimal and invariant to the choice of
s such that s%e = 1 remains valid, so that when DD ~e # e the dimensionality
of D is its rank.

This gives the following:

THEOREM 7. When D is non-Euclidean, either

(i) DD e = e and the dimensionality of D is given by Theorems 5 and
6, or
(ii) DD e # e and the dimensionality of D is its rank.

4.2. Real and Imaginary Dimensions

The above has shown that dimensionality is well defined in the non-
Euclidean case but has not established how the dimensions are allocated
between real and imaginary components. To investigate this is the purpose of
this section.

Any symmetric matrix A of rank r + s may be written A = LSL’, where L
has r + s columns and is of rank r + s, and S is a diagonal matrix of signs



DISTANCE MATRICES 93

with r positive and s negative units. Such decompositions are not unique, but
the fundamental result on signature is that the values of r and s are invariant
over all such decompositions; the invariant quantity r —s is termed the
signature. Suppose U is any matrix such that rank(UAU”) = rank(A). Then
UAUT = (UL)S(UL), and since this has the same rank as A, then rank(UL)=
rank(L). It follows that A and UAU7 have the same signature, because they
share the same S. Any pair of F-matrices (which have already been shown to
have equal rank) are related by

F,= (I - es{)D(I - sleT) = (I - es{)Fz(I - sleT),

and setting U = I — es shows that F, and F,, and hence all F-matrices, have
the same signature.

Putting F =LSL!, where L=(,1,,...,1,.,), we may expand the
quadratic form x7Fx to give

Fe= Y () - Y (%)
p=1 p=r+1

and setting x; =1, x;= —1, and x, =0 (k # i, j) gives

r r+s

ft"i+f}j_2f;j=d?j= Z (lpi_lpj)2— Z (lpi_lpj)z‘

p=1 p=r+1

This is the usual “Pythagorean” representation of squared distance in terms
of coordinates lp,. (p=12,...,7r+s), except that for p > r the coordinates
become purely imaginary. This has shown:

Tuaeorem 8. When D is non-Euclidean, its dimensionality r + s, ob-
tained from any F-matrix, is derived from a generating matrix of coordinates
in r real and s imaginary dimensions. The values of r and s are invariant in all
F-matrices and hence in all least-rank representations.

4.3. Minimality Properties of Real and Imaginary Components of Dimension

Theorem 8 permits one to think in a well-defined manner of dimensional-
ity associated with non-Euclidean distance matrices. We shall write this
dimensionality as F(r, s). Although no F-matrix can generate a lower value of
r or of s, representations derived from higher ranking G-matrices, which must
be consistent with (9), might; e.g., it remains to be shown that G(r — 1, s +2)



94 J. C. GOWER

is impossible. A detailed examination of all possible coordinate representations
derived from G-matrices other than F-matrices is therefore needed. To do this
requires an analysis of the relationships between the eigenvalues of an
F-matrix and of a G-matrix; the numbers of positive and negative eigenvalues,
of course, give the values of r and s in the coordinate representations. Thus
we wish to relate the eigenvalues (v),7s,...,7,) of G to the eigenvalues
(¢1 Po5---, 9,) of F, where it is assumed that vy, 2 v, > --- 2 v, and ¢, > ¢,
> -+ > ¢,. We have that G = F+he” + eh”.
The eigenvalues of the rank-2 matrix H = he” +eh” are
hy=e"h+[n(h'h)]"* >0
and
h,=¢"h— [n(h"h)]"* <0

together with hy=h;=--- =h,_,=0. Now the relationship between the
eigenvalues of G, F, and H is given by the minimax theorem (see [6, p. 101})
as

Ypig-1< 0, + hy. (12)
Also writing F = G+ ( — H) gives
bpig-1<Yp = hu s
ie.,
Yp?¢p+q~1+hn—q+1- (13)

Substituting the values indicated below for p and g in (12) and (13) gives:

] q From (12) From (13)

1 1 <o +h Y=, +h,

1 2 Yo < 9 Y12 s

2 2 Y3 < @y Yo = Pq
n—1 2 Y. <, 4 Yo 12 On

The interleaving of these eigenvalues is best illustrated diagrammatically as in
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Fic. 1. The interleaving of the eigenvalues of G and F when n is even. The case
n odd is essentially the same, but the values of vy,, ¥, _,,... then occur above the line
and those for v, _,,v,_3,... occur below the line.

Figure 1, where the fact that F has at least one zero eigenvalue has been
indicated by showing ¢, as zero.

From Figure 1 it is clear that G has one more nonzero eigenvalue than
does F, and that when F(r,s) gives the number of positive and negative
eigenvalues of F, then the corresponding values for G are either G(r +1, s) or
G(r, s +1), depending on whether vy, is positive or negative. The possibility
that rank(G) = rank(F)+2 has already been mentioned. This can occur only
when F has two or more zero eigenvalues. The interleaving is then given by
Figure 2. G may now have one more positive and one more negative
eigenvalue than does F, giving G(r + 1, s + 1). These results may be stated as

THeEOREM 9. If D is a distance matrix, possibly non-Euclidean, that is
associated with the form F(r, s), then coordinate representations that gener-
ate D may be derived from F(r, s) itself or from G(r +1,s), G(r,s +1) or,
whenr+s<n—2, from G(r+1,s+1).

Note that this shows that not only do the forms F(r, s) have minimal
rank, but also they have minimal values of both r and s. Thus coordinates

derived from F-matrices are the only ones whose ranks are the dimensionality
of D.

Fic. 2. The interleaving of the eigenvalues of G and F for multiple zero
eigenvalues of F.
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4.4. Illustration of the Four Forms of Full-Rank Representation of a
Distance-matrix
These results may be illustrated using the matrix

{0 01
D=-3l0 0 1],

2110

which represents two coincident points at unit distance from a third point.
Setting s =e, yields an Fmatrix F =ele, giving the minimal dimension
coordinate representation with r =1 and s =0:

0
F(1,0)= (o).
1

The rank-2 real representation is typified by

0 1
G(2,0)=(0 1)

1 1

or any plane rotation of it. Setting g = 0 and hence G = D gives

2*5/4 i2A5/4
G(L1)=|2754  j2-%4|,
9-3/4 _;9-3/4

while setting g = (3,1, )T gives

0.30917 0.22014 i1.06960
G(2,1)= 0.33527 —0.17307 i1.46368 |,
—0.67940 0.01477  11.20904

In the last two examples spectral decompositions of G have been used, though
any other decomposition would suffice to give results of the same forms.

All four sets of coordinates generate the same distance matrix D, although
their ranks and signatures differ. This illustration has represented a Euclidean
matrix; if D is non-Euclidean, the same four types of representation occur but
with imaginary columns in every case.
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Thanks to Dr. A. G. Constantine, especially for his basic work using the

minimax theorem.

REFERENCES

1 ]J. C. Gower, Euclidean distance geometry, Math. Sci. 1:1-14 (1982).

2 J. C. Gower, Euclidean matrices and their Euclidean approximation, in Third
International Conference on Data Analysis and Informatics (E. Diday, Ed.),
INRIA, Versailles, 1983, pp. 1-19.

3 J. C. Gower, Multivariate analysis: Ordination, multidimensional scaling and allied
topics, in Handbook of Applicable Mathematics: Vol. VI. Statistics (E. H. Lloyd,
Ed.), Wiley, Chichester, 1984, pp. 727-781.

4 J. B. Kruskal and M. Wish, Multidimensional scaling, Sage Univ. Paper Series on
Quantitative Applications in the Social Sciences, 07-011, Sage Publications,
Beverly Hills, Calif., 1978.

5 I J. Schoenberg, Remarks to Maurice Frechet’s article ““Sur la définition axioma-
tique d'une classe d’espaces vectoriels distancies applicables vectoriellement sur
I'espace de Hilbert,” Ann. Math. 36:724-732 (1935).

6 ]. H. Wilkinson, The Algebraic Eigenvalue Problem, Clarendon, Oxford, 1965.

Received 18 July 1983; revised 26 July 1984



