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ABSTRACT 

Parnell, S., van den Bosch, F., and Gilligan, C. A. 2006. Large-scale 
fungicide spray heterogeneity and the regional spread of resistant patho-
gen strains. Phytopathology 96:549-555. 

Most models for the spread of fungicide resistance in plant pathogens 
are focused on within-field dynamics, yet regional invasion depends upon 
the interactions between field populations. Here, we use a spatially implicit 
metapopulation model to describe the dynamics of regional spread, in 
which subpopulations correspond to single fields. We show that the criterion 
for the regional invasion of pathogens between fields differs from that for 
invasion within fields. That is, the ability of a fungicide-resistant strain of 
a pathogen to invade a field population does not necessarily imply an 

ability to spread through many fields at the regional scale. This depends 
upon an interaction between the fraction of fields that is sprayed and the 
reproductive capacity of the pathogen. This result is of practical signifi-
cance and indicates that resistance management strategies which currently 
target within-field processes, such as the use of mixtures and alternations 
of fungicides, may be more effective if between-field processes also were 
targeted; for example, through the restricted deployment of fungicides 
over large areas. We also show that the fraction of disease-free fields is 
maximized when the proportion of fields that is sprayed is just below the 
threshold for invasion of the resistant strain. 

Additional keywords: fitness cost, fungicide effectiveness. 

 
The ability of fungicide-resistant pathogens to spread quickly 

over large geographical areas has led to increasing problems for 
the control of plant diseases. A recent example of this is the rapid 
evolution of resistance to the Strobilurin fungicides in wheat 
powdery mildew (Blumeria graminis f. sp. tritici) populations in 
Europe. Strobilurins first were introduced in 1996 to control a 
range of cereal pathogens; however, by 2000, high frequencies of 
resistance had been detected over large areas of Germany, France, 
and the United Kingdom (8,14). The rapid and widespread 
evolution of resistance on this level highlights the importance of 
understanding the influence of large-scale processes. However, 
most studies of fungicide resistance focus on processes at the 
laboratory or field level and, consequently, the role of large-scale 
processes such as migration remain poorly understood. Experi-
mentally, large-scale studies are difficult to conduct due to the 
financial and technical constraints involved. Therefore, modeling 
is a useful alternative in understanding the dynamics of regional-
level systems where it is not possible to conduct experiments. 
Surprisingly, most models have not addressed this and have either 
ignored scale or focused on field-level systems (12,15,19,22, 
27,28). 

Parnell et al. (22) modeled the influence of small-scale hetero-
geneity in spray coverage (treated and untreated susceptible host 
tissue) on populations of resistant and sensitive pathogens within 
a field. Spore migration allows field populations to interact on a 
regional scale, and high levels of migration have been found for a 
number of major plant pathogens (17,18). Here, we introduce a 
spatially implicit metapopulation model to analyze the influence 
of interactions between field populations under large-scale spray 
heterogeneity (treated and untreated susceptible fields) on a re-
gional scale. In particular, we are concerned with the factors that 

influence the invasion, exclusion, and coexistence of resistant and 
sensitive strains. Thresholds for invasion have been found in 
previous models, but only for populations within fields (12,13,19, 
22). Here, we find clear differences at the regional scale com-
pared with field-scale models and, in particular, we show that the 
regional-scale invasion of resistant strains is determined by a 
trade-off between the fraction of fields that are sprayed and the 
intrinsic reproductive ability of the target pathogen. 

THEORY AND APPROACHES 

The model. The model describes the population dynamics of a 
fungal plant pathogen over a large agronomic region comprising a 
number of fields in which a susceptible host is grown. Fields can 
be infested with the pathogen, I, or noninfested (i.e., empty),  
E. The following basic version of the model describes the 
between-field (regional) dynamics of the wild-type pathogen 
population before the introduction of the fungicide, 

Infested fields: dl/dt = bPIE – µl (1) 

Empty fields: dE/dt = µl – bPIE (2) 

Infested fields produce spores, which escape the canopy layer 
and are blown long distances, at rate P. Each infested field is 
assumed to contain an epidemic of equal size and, therefore, 
produce the same number of spores. Migrating spores land and 
initiate epidemics within empty fields at rate b, and epidemics 
within fields become extinct at rate µ due, for example, to the 
absence of a host as a result of crop rotation. Therefore, the model 
assumes homogeneous mixing (i.e., a spore originating from one 
field is equally likely to land on a plant and cause an infection in a 
neighboring field as in any other field in the system). A summary 
of the variables and parameters used in the model is given in 
Table 1. 

The basic model is extended to account for the introduction of 
the fungicide and the arrival of resistance (e.g., by mutation). To 
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reflect the heterogeneous deployment of fungicides over regional 
areas (10), a fraction of fields is assumed to be treated (θ) and a 
fraction is untreated (1 – θ). Many plant pathogens evolve a 
monogenic response to fungicides (29); therefore, we consider 
two pathogen strains, a sensitive strain and a resistant strain. The 
main assumptions concerning the within- and between-field 
dynamics are described below. 

Within-field dynamics. The model assumes that, at any one 
time, individual fields can be infested with either the resistant 
strain or the sensitive strain but not both. For the purpose of 
modeling the long-term regional scale dynamics of the resistant 
strain, the added complexity of within-field coexistence of both 
strains found in Parnell et al. (22) is not incorporated into the 
current model. Further, exclusion of either strain following in-
vasion of the other is considered to be instantaneous. These 
assumptions can be justified in the following way. Models of 
within-field systems have shown that, when a resistant strain 
arises in a fungicide-treated field (e.g., through immigration), it 
will either fail to invade or invade to the exclusion of the sensitive 
population. The outcome is determined by a trade-off between the 
effectiveness of the fungicide in reducing the fitness of the sensi-
tive population and the sum of the net fitness costs to the resistant 
population (12,13). That is, if the fitness cost to the resistant strain 
is greater than the effectiveness of the fungicide on the sensitive 
strain, the resistant strain is the inferior competitor and does not 
invade. However, if the cost to resistance is less than the effective-
ness of the fungicide, the resistant strain is the superior competitor 
and invades to the exclusion of the sensitive strain (12,13). 

Where empirical studies have found evidence for a fitness cost 
to resistance, the cost usually is relatively small (11,26). Con-
versely, the effectiveness of the fungicide is likely to be high be-
cause fungicides with low effectiveness would provide poor 
disease control and would not be marketable. Therefore, it is likely 
that the fitness cost to resistance is less than the effectiveness of 
the fungicide. This implies that the resistant strain is the superior 
competitor in treated fields and the sensitive strain is the superior 
competitor in untreated fields. Further, following the invasion of 
either strain, the time to exclusion of the other strain is likely to 
be fast relative to the long-term regional dynamics of the popu-
lation. For example, Bateman et al. (2) showed that carbendazim-
treated plots infected with Tapesia spp. (cereal eyespot disease) 
populations became almost entirely resistant over just one season 
when inoculated with resistant isolates. 

Between-field (regional) dynamics. The addition of the fungi-
cide and the resistant strain to the basic version of the model 
(equations 1 and 2) yields the full model, which comprises six 
categories of fields: two categories of empty fields, treated and 
untreated; and four categories of infested fields, wholly infested 
with the resistant strain (resistant-infested), wholly infested with 
the sensitive strain (sensitive-infested), and also either treated or 
untreated. 

The general structure of the full model is the same as the basic 
version (equations 1 and 2) but the addition of the fungicide and 
resistant strain incorporates extra complexity in two ways. First, 
the sporulation (P), infection (b), and extinction rates (µ) of 

infested fields are scaled by the cost to resistance (ρ) for resistant-
infested fields and the effectiveness of the fungicide (ε) for sensi-
tive-infested, treated, fields. This yields the following equations 
for the infested fields, 

Treated, sensitive-infested: dlFS/dt = εbb(εPPlFS + PlUS)EF – µlFS (3) 

Untreated, sensitive-infested: dlUS/dt = b(εPPlFS + PlUS)EU – µlUS (4) 

Treated, resistant-infested: dlFR/dt = ρbb(ρPPlFR + ρPPlUR)EF – µlFR (5) 

Untreated, resistant-infested: dlUR/dt = ρbb(ρPPlFR + ρPPlUR)EU – µlUR (6) 

Second, to complete the model system, transitions between re-
sistant-infested and sensitive-infested categories of fields are in-
corporated into equations 3 to 6 to account for the assumption of 
within-field exclusion of strains (Figure 1 provides a schematic of 
these transitions). This yields the full model (equations 7 to 12). 

Treated, sensitive-infested:  
dlFS/dt = εbb(εPPlFS + PlUS)EF – µlFS – ρbb(ρPPlFR + ρPPlUR)IFS 

(7) 

Untreated, sensitive-infested:  
dlUS/dt = b(εPPlFS + PlUS)EU – µlUS + b(εPPlFS + PlUS)IUR 

(8) 

Treated, resistant-infested:  
dlFR/dt = ρbb(ρPPlFR + ρPPlUR)EF – µlFR + ρbb(ρPPlFR + ρPPlUR)IFS 

(9) 

Untreated, resistant-infested:  
dlUR/dt = ρbb(ρPPlFR + ρPPlUR)EU – µlUR – b(εPPlFS + PlUS)IUR 

(10) 

Empty treated and untreated fields increase and decrease in-
versely proportional to the fraction of infected fields as in 
equation 2 and, therefore, in the full version of the model are 
described by equations 11 and 12. 

Treated, empty:  
dEF/dt = µ(IFS + IFR) – εbb(εPPlFS + PlUS)EF – ρbb(ρPPlFR + ρPPlUR)EF 

(11) 

Untreated, empty:  
dEU/dt = µ(IUS + IUR) – b(εPPlFS + PlUS)EU – ρbb(ρPPlFR + ρPPlUR)EU 

(12) 

Methods of analysis. We use a combination of linear stability 
analysis and model simulations to investigate the dynamics of the 
model. Linear stability analysis is a well-defined mathematical 
procedure (9) and allows for the calculation of criteria for the 
invasion of infected fields into the regional system. The analysis 
involves, first, assuming that within-field infestations of only one 
pathogen strain are present in the regional population. The param-
eter values that allow the other strain to invade then can be calcu-
lated. Thus, we determine, on a regional scale, for what parameter 
combinations either strain is able to invade or become excluded 
from the system and also for what parameter combinations both 
strains can invade, indicating coexistence (for a full explanation 
of the linear stability procedure, see 22). This analysis is cor-
roborated by simulations of the model which are also used to de-
termine the final proportion of different field types (noninfested, 
resistant-infested, and sensitive-infested) for certain parameter 
combinations. 

TABLE 1. Model variables and parameters 

Symbol Description 

Variable  
Ei Proportion of noninfested fields with treatment status i (F = treated, U = untreated) 
Iij Proportion of infested fields with treatment status i (F = treated, U = untreated) and resistance status j (S = sensitive, R = resistant) 

Parameter  
θ Fraction of fields sprayed 
b Probability that a spore is deposited in a field and initiates an epidemic 
P Rate of spore production and escape from infested fields 
µ Local field extinction rate 
ρi Proportionate reduction in resistant pathogen parameter i to account for the fitness cost to resistance; 0–1 
εi Proportionate reduction in pathogen parameter i to account for the fungicide effectiveness; 0–1 
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RESULTS 

The results from the linear stability analysis and simulations of 
the model show that the model dynamics are driven by three main 
components: the relative competitive abilities of the pathogen 
strains (determined by the fitness cost to resistance, ρ, and the 
effectiveness of the fungicide, ε), the fraction of fields sprayed 
(θ), and the basic reproductive number of the pathogen for be-
tween field infestations, R0. R0 is a well-known parameter used in 
invasion biology to summarize the reproductive potential of an 
organism (1). Here, R0 = bP/µ. Therefore, it can be thought of as 
the average number of new infested fields produced from one 
previously infested field in an otherwise noninfested landscape. 
Therefore, R0 refers to the intrinsic infectiousness of the wild-type 
pathogen population before the use of the fungicide, including the 
effect of prevailing crop management techniques. 

Thresholds for invasion, exclusion, and coexistence. The 
parameters for cost to resistance (ρ) and fungicide effectiveness 
(ε) are restricted to low and high parameter ranges, respectively, 
to reflect the main model assumption of instantaneous within-
field mutual exclusion of resistant and sensitive strains. The linear 
stability analysis reveals that invasion, exclusion, and coexistence 
of strains is determined by the direct trade-off between the frac-
tion of fields sprayed (θ) and the basic reproductive number of 
infested fields (R0) (Fig. 2) (the full expressions for the invasion 
of each pathogen strain are given in Appendix I). The population 
can evolve to one of four outcomes: sensitive-infested fields only, 
resistant-infested fields only, coexistence of both field types, or 
extinction of the pathogen population (Fig. 2). Each of these out-
comes is separated in parameter space by a number of thresholds. 
There also is a critical threshold of the fraction of fields sprayed, 
denoted as θ*, above which resistant-infested fields always can 
invade the population and cannot be excluded, and below which 
resistant-infested fields always cannot invade and can be excluded 
(Fig. 2). The range of parameter values for mutual exclusion of 
both strains decreases as R0 increases, which permits coexistence 
(Fig. 2). Extinction of the pathogen population is possible where 
R0 is very low (Fig. 2). An increase in the effectiveness of the 
fungicide (ε) decreases θ* (Fig. 3A and B) and an increase in the 
fitness cost to resistance (ρ) increases θ* (Fig. 3C and D). Changes 
in the cost to resistance have a larger influence on θ* than equal 
changes in the effectiveness of the fungicide (Fig. 3). 

Simulations of the proportion of infested and noninfested 
fields. The results of the model simulations reveal the influence of 
the fraction of fields sprayed (θ) on the final proportions of 
infested and noninfested fields (Fig. 4A and B) for transects 
depicted on Figure 1. When θ is low, the regional population is 
composed of sensitive-infested fields only. As θ increases, the 
proportion of sensitive-infested fields decreases (Fig. 4A and B). 
Resistant-infested fields can invade the regional system once a 
higher value of θ is achieved. Paradoxically, increases in θ beyond 

this point lead to decreases in the total proportion of noninfested 
fields (Fig. 4A and B). This occurs because increases in θ select 
for increases in resistant-infested fields to a greater extent than for 
decreases in sensitive-infested fields. For higher values of θ, 
sensitive-infested fields are excluded and the proportion of re-
sistant-infested fields is independent of θ (Fig. 4A and B). 
Consequently, the total proportion of infested fields reaches a 
minimum at the point when resistant-infested fields invade (Fig. 
4A and B). Therefore, maximum regional control of the pathogen 
is achieved in the model when as high as possible a fraction of 
fields is sprayed but below that which permits the invasion of the 
resistant strain. Increased values of R0 result in increases in the 
total proportion of infested fields, as would be expected intui-
tively (Fig. 4A and B). The results also show how the equilibrium 
fraction of resistant- and sensitive-infested fields changes with 
different fractions of spray coverage, θ (Fig. 5). As intuition 
would expect, higher fractions of spray coverage increase the 
fraction of resistant-infested fields relative to sensitive-infested 
(Fig. 5). 

DISCUSSION 

Using a spatially implicit metapopulation model, we have 
identified a number of thresholds that determine the long-term 
regional-scale outcome of a pathogen population following the 
widespread use of a fungicide. Other than the extreme case of 
extinction, three outcomes are possible: resistant-infested fields 
only, sensitive-infested fields only, or coexistence of both. Similar 
outcomes were found by Parnell et al. (22) for the invasion of 
resistant strains within a field-scale system. However, we find a 
number of differences in the current between-field model from 
those found by Parnell et al. (22). First, the current model shows 
that high rates of spore production and infection critically influ-
ence the thresholds for invasion and coexistence (through R0). In 
contrast, spore production and infection rates were shown to have 
no influence on the thresholds for invasion and coexistence in the 
within-field model by Parnell et al. (22). Second, Parnell et al. 

Fig. 1. Schematic depicting the possible transitions of infested and non-
infested field types in the model. 

Fig. 2. Thresholds for the invasion, exclusion, and coexistence of resistant and 
sensitive local populations with dependence on the fraction of fields sprayed, 
θ, and the reproductive number of infested fields, R0. Areas shaded dark gray 
indicate where the resistant strain takes over all fields, light gray areas indicate 
where sensitive strains take over all fields, white areas indicate where within-
field populations of both strains coexist, and the shaded area is where both
strains are excluded. Lines (a) and (b) refer to transects used for the simu-
lations in Figure 4A and B, respectively. Defaults parameter values are ε = 0.2, 
ρ = 0.8. 
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(22) showed that, when there were high rates of movement be-
tween treated and untreated host tissue (high spore dispersal), the 
parameter region for coexistence decreased. In contrast, we find 
here that, when the movement between treated and untreated 
fields is high (high R0), the parameter region for coexistence 
increases. 

The differences in the results between the models are reflected 
in the differences in the nature of the host at each scale. That is, in 
the field-scale model by Parnell et al. (22), the host is represented 
by susceptible host tissue, whereas in the current model, it is 
represented by susceptible host fields. The biological relevance is 

that once host tissue (within-field scale model) becomes infected 
with either strain, it cannot subsequently become infected with 
the other strain, whereas this transition can occur in individual 
field populations. Although dissimilarities in the interpretation  
of parameters between the two models prevents a closer com-
parison than this, differences in results between the two scales 
highlight the fact that the ability of the resistant strain to invade 
within an individual field does not guarantee invasion between 
fields on a regional scale. However, there also are similarities 
between the two scales; for example, decreased spray coverage 
resulted in a decreased rate of build-up of resistant populations  

 

Fig. 4. Change in the fractions of noninfested and infested fields for the fraction of fields sprayed, θ. Noninfested fields are indicated by the solid line, resistant-
infested fields are indicated by the dash-dot line, and sensitive-infested fields are indicated by the dashed line. A, R0 = 4 and B, R0 = 2. Default parameters are ε = 
0.2 and ρ = 0.8. 

 

Fig. 3. Thresholds for the invasion, exclusion, and coexistence of resistant and sensitive local populations illustrating the influence of increasing and decreasing
the effectiveness of the fungicide, ε (A, ε = 0.3 and B, ε = 0.1) and increasing and decreasing the cost to resistance, ρ (C, ρ = 0.3 and D, ρ = 0.1). Areas shaded 
dark gray indicate where the resistant strain takes over all fields, light gray areas indicate where sensitive strains take over all fields, white areas indicate where 
within-field populations of both strains coexist, and the shaded area is where both strains are excluded. 
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in both the current model (Fig. 5) and in the within-field model  
by Parnell et al. (22) (detailed analyses are given in literature 
citation 21). 

Previous models of fungicide resistance either have not focused 
on heterogeneity in spray coverage or have included spray hetero-
geneity but have focused on field-scale processes or largely ignored 
the effects of scale (7,12,15,19,27,28). However, an earlier study 
by Milgroom et al. (20) introduced a density-independent migra-
tion model for the evolution and spread of resistance in a popula-
tion consisting of sprayed and unsprayed fields. Milgroom et al. 
(20) found that the resistant strain could dominate all fields in a 
region if the migration rate between fields was sufficiently high to 
dilute the advantage the sensitive strain has in untreated fields. 
Here, we find that the competitive outcome also depends critically 
on the fraction of fields that are sprayed. In addition, we find that, 
if the between-field movement of the pathogen is high (high R0), 
the resistant strain will dominate all treated fields but the sensitive 
strain will dominate all untreated fields. This can be explained as 
follows: in the long term, resistant strains are competitively 
superior in treated fields and sensitive strains are competitively 
superior in untreated fields. If R0 is very high, mixing is complete 
and all treated fields become infested with the resistant strain and 
all untreated fields become infested with the sensitive strain. 
However, if R0 is low, strains cannot move between fields to the 
extent to allow them to capitalize on their within-field competitive 
advantage and, therefore, may be excluded. The outcome then is 
dependent on the fraction of fields sprayed; for example, if few 
enough fields are treated (below θ*) (Fig. 2) resistant-infested 
fields cannot invade. 

Similar studies in insecticide resistance have focused on the 
high-dose refuge strategy (6,25). This two-pronged strategy in-
volves the use of high doses in treated areas to kill off hetero-
zygous resistant individuals, and the incorporation of refuges of 
untreated areas to increase the relative fitness of the sensitive 
population. In the current article, we consider only a haploid 
system and, therefore, only the refuge element of this strategy. 
These models generally agree with the results presented here  
(Fig. 4) and show that an increase in movement of the insect leads 
to an increase in the frequency of resistance (6,23,24); how- 
ever, some results are confounded by the incorporation of other 
interacting factors, such as crop rotation (23,24). In addition,  
one study also reports a critical size of untreated area below 
which insecticide-resistant individuals cannot invade (16). The 
authors (16) assumed that resistant individuals carried a fitness 
cost and noted a caveat also relevant to the current model. That  
is, the possibility of the evolution of fitness modifiers that reduce 
the cost of resistance and, thus, the effectiveness of a refuge 
strategy to prevent invasion of resistant strains. This process, 
termed “compensatory evolution,” has been reported in some 
studies of fungicide resistance (3,31) and shown to be theoreti-
cally possible if “compensatory” genes are available in the popu-
lation (30). 

The model is spatially implicit and assumes homogenous 
mixing of spores within the system. The transition of the model to 
a spatially explicit formulation most likely will lead to further 
insights. For example, metapopulation theory indicates that global 
dispersal is more efficient at balancing extinction rates in meta-
populations than local dispersal. Therefore, for pathogens with 

 

Fig. 5. Change with time in the fractions of A and C, resistant- and B and D, sensitive-infested fields for different fractions of spray coverage, θ. Plots A and B
(horizontal top) show the scenario of the resistant strain invading a system consisting of sensitive strain only and in steady state. Plots C and D (horizontal bottom) 
show the scenario of the sensitive strain invading a system consisting of the resistant strain only and in steady state.  
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short-range dispersal capabilities, it is likely that we underesti-
mate the fraction of treated area required for the resistant strain to 
invade. Similarly, the spatial pattern of treated fields will influ-
ence the invasion of the resistant strain. Using a spatially explicit 
simulation model, Peck (24) showed that, where treated fields 
were clumped, the intensity of selection was sufficient to generate 
the development of resistance. A spatially explicit modeling ap-
proach also will lead to important insights regarding the differ-
ential spatiotemporal effects of mutation and migration. For ex-
ample, in pathogens with predominantly short-range dispersal 
capacities, such as eyespot disease of cereals (Oculimacula acu-
formis and O. yallundae), resistance can be expected to spread 
from single foci if the mutation rate toward resistance is low, but 
from multiple foci if the mutation rate is high. 

Concluding remarks. The ability of major plant pathogens to 
disperse spores over large geographical areas allows local patho-
gen field populations to interact over regional areas. The results 
presented here indicate that long-range spore dispersal is an im-
portant consideration in the development of fungicide resistance, 
though we have not explicitly modeled this. The model has shown 
that there are differences between the factors that influence inva-
sion in within-field systems from between-field systems (regional 
scale) and we have identified specific criteria for the regional 
scale invasion of resistant populations. This indicates that resis-
tance management strategies that currently focus on within-field 
processes (for example, the use of mixtures and alternations) (4) 
may be more effective if between-field processes were targeted 
also (for example, the restricted deployment of fungicides over 
large areas). This could prevent the invasion of the resistant strain 
in the long term (Fig. 2). The model highlights the importance of 
preventing the invasion of resistant populations by showing that 
the minimum fraction of infested fields is achieved before they 
invade (Fig. 4). Further work should investigate the practical sig-
nificance of these results as they relate to equilibrium conditions 
which may not be reached in the agricultural systems described. 
Failing this, however, reduced spray coverage will at least reduce 
the rate of build-up of resistant-infested fields (Fig. 5). Imple-
menting regional-scale strategies may be practically more chal-
lenging than implementing recommendations at field scale; how-
ever, the United States Environmental Protection Agency (EPA) 
has shown how regional-level regulations can be used to manage 
insect resistance to Bt cotton (5). From 1996 to 2000, each grower 
in the state of Arizona was required to ensure that a specific per-
centage of their cotton acreage was planted with non-Bt cotton. It 
is easy to see how similar farm-level regulation could be imple-
mented with regard to the restricted use of fungicides. Disease 
control then can be maintained in untreated fields through the use 
of separate control methods; for example, cultural control or the 
use of fungicides with distinct modes of action (i.e., not ex-
hibiting cross resistance). 

This work has provided an insight into the importance of the 
influence of regional-level processes such as spore migration on 
the evolution of resistant strains. In addition to the limitation 
imposed by the possibility of compensatory evolution, the model 
also does not incorporate interruptions in cropping (i.e., sea-
sonality) due to harvest. Future work will investigate the role of 
these processes on the regional-scale dynamics of resistant strains 
and also the role of different spatial patterns in the deployment of 
treated areas, the effects of aggregated spore dispersal, and the 
directional movement of spores. 

APPENDIX I 

The invasion criteria. To determine the criteria for the inva-
sion of either pathogen strain into a steady-state system con-
taining only the other strain, a stability analysis of the model was 
conducted. This technique is identical to that done in Parnell et al. 
(22; Appendix II), to which the reader is referred. 

The sensitive strain can invade when 
0Ω−Κ <  

where 

( )2 C ( 1) B(1 ) bPA (1 )b bp 1
C bp

θ μ θ
ε ρ μ θ

⎛ ⎞− − − ⎛ ⎞⎛ ⎞
Ω = − − − − − +⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎝ ⎠⎝ ⎠⎠⎝

 

( )( ) B(1 )bPA(1 )bP 1 B (1 )bP 1 B
bp

ε ε θ ε θ μ
⎛ ⎞

Κ = − − − − + − − + − −⎜ ⎟
⎝ ⎠

 

and 

( )2

2

(1 ) bP
A

(1 ) bp

θ ρ μ
θ

ρ

⎛ ⎞− −
⎜ ⎟= −
⎜ ⎟−⎝ ⎠

 

( )2

2

(1 ) bP ( 1)
B

(1 )

θ ρ μ θ

ρ

− − −
=

−

 

2C (1 ) bPρ= −  

The resistant strain can invade when 
0Ψ −Φ <  

where 

( ) ( )
( ) )( 3 2

(D E)bP C 1 (1 )bP(F E)C C(1 )
2 (1 )bp bp 2 (1 ) bp (1 ) bp

εθ μ θ μ
ε ε ε

⎞⎛ + − − − ⎟⎜Ψ = − − − − − ⎟⎜ − − − − − ⎟⎝ ⎠

 

)( 3 2

C(F E)C C(1 )
2 (1 ) bp (1 ) bp

θ θ
ε ε

⎛ ⎞−⎜ ⎟Φ = − − −⎜ ⎟− − −⎜ ⎠⎝

 

and 
2C (1 ) bPρ= −  

2D bp(2 (1 ) 2 (1 ) (1 ) ) (1 )θ ε θ ε ε θ μ ε= − − − − − − − + −  

 
3 2F bp(2 (1 ) (1 ) (1 ) (1 ) ) (1 )θ ε ε θ ε ε θ μ ε= − − − + − − − + −  
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