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~ calculation of reBultant l.n~thB and mean directionB;

II abB(n) < 111'"9.!!:!.!!!. ifault := 1~
begin
p[7] := C := C / n; p[8] := B := B / n;
P[9] := a2 := a2 / n; p[10] := b2 := b2 / n;
p[5] := rb := sqrt(c X C + B X B);
p[6] := r2b := Bqrt(a2 X a2 + b2 X b2); p[4] := rb X n;
!! rb < 10-8 .!!:!.!!!. ifaul t := 4
~ p[2] := II B ~ 0.0 .!!:!.!!!. arCCOB(C / rb)
elso 6.2831853072 - arccoB(c / rb);
if r2b < w-8 .!!:!.!!!. ifault := ifault + 3
else p[3] := if b2 > 0.0 then arccos(a2 / r2b)
elBe 6.2831853072 --arccoB(a2 / r2b);

comment Calculation of maximum likelihood estimate of concentration
pa;a;;ter. The valueB of the lower and upper bound parameterB ia
HYP are choBen in Buch a way aB to provide reaBonable initial
bounds, whereas still ensurine that an error exit can never occur;

if rb > 0.99999999 .!!:!.!!!. ifault := 2~
if rb < 0.005 then
p[11] := rb X~X rbX (5.0 X rb X rb + 6.0) + 12.0) / 6.0 else
!! rb > 0.995~ p[ll] := 1.0 / (rb X (rb X (rb - 4.0) + 3.0»
else

begin
!! rb < 0.94.!!:!.!!!.

begin
C := 2.0 X rb; s := 10.0 X rb
!!!!!

else
begin
C := 8.6; s := 101.0
end-

HYP(a2, e, e , s, 10-8, eXit); p[l1] := a2
end
~

f'xit:
!!!!! circstat
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DESCRIPTION AND PURPOSE

The determinant IQIof an orthogonal matrix Q of order n is either plus or minus
one. If it is plus one, Q represents a rotation in n dimensions; if minus one, Q repre­
sents a product of a rotation with a reflection (Vitali, 1928). Orthogonal matrices are
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(1)

important in multivariate analysis (for example in principal components analysis, and
in Procrustes fitting problems, Schonemann and Carroll, 1970; Gower 1971, 1975) and
sometimes it is necessary to distinguish a pure rotation from a rotation with a reflec­
tion. Eigenvector and singular value decomposition subroutines could probably
include this information with little extra programming, but do not do so. This
algorithm evaluates IQ Iusing a sequence of Householder transforms (see, for example,
Wilkinson, 1965, p. 235). If HI is a Householder transform that annihilates the first
column of Q except for the diagonal element, then

(
el 0')HIQ= .o QI

The first element el is ± 1 because HI Q is orthogonal and therefore the sum of
squares of every column is unity. The remainder of the first row is zero because all
columns are orthogonal to the first. The (i, j)th element of the orthogonal matrix QI
is given by

q1}l = qij ±qilqIJ/(1 =+= qll)' (2)

In (2) if the upper (lower) set of signs is taken, el is positive (negative). The signs
are chosen so that 1 =+= qll is furthest from zero, as this gives best accuracy.

This process can be continued until the right-hand side is diagonal, giving

HnHn-I .. · HI Q = diag(el,e2, •.. ,en) , (3)

where ei = ± 1, i = 1,2, ... ,n. Hence,

(4)

If at any stage the leading diagonal element qH-I) is ±1 then Hi = I and Qi is un­
changed; otherwise Householder transforms with IH, I= - 1 are used. Thus Q is
expressed as the product of elementary transforms, each of whose determinants is
known to be +1 or - 1. The product terms are easily accumulated in the course of
the algorithm.

STRUCTURE

SUBROUTINE DETQ(A, N, NN, D, IFAULT)

Formal parameters

A Real array (NN)

N
NN
D
IFAULT

Integer
Integer
Real
Integer

input: orthogonal matrix with N2 elements stored by
rows or columns as a one-way array

output: A is overwritten
input: order of matrix A
input: N2 the size of A stored as a one-way array

output: IA I
output: = 0 if no error detected

= 1 if an error described under failure
indication is detected

FAILURE INDICATION AND RESTRICTION

If Q is orthogonal no diagonal element q11-1) can exceed unity in modulus and the
penultimate transformation Hn- I must give a scalar Qn-I whose element q~':t-ll is ± 1,
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except for possible round-off. If either check fails Q cannot be orthogonal and
IFA ULT is set to 1. These checks are necessary but not sufficient for orthogonality, so
if the check does not fail IFA ULT is set to zero but Q need not be orthogonal. Any
more stringent test needs to check that every first row of ~+1Qi is of the form
(± 1,0') but this would appreciably add to the complexity of the algorithm. For
complete safety the algorithm should be used only when Q is known to be orthogonal.
In this case the check can fail only because of accumulated errors. IFA ULT is also set
to 1 if N ~ 0 or if NN i=N2. D is not set by the subroutine if a fault is detected.

TIME AND ACCURACY

About in3 real multiplications, in3 real additions/subtractions and another in3

integer additions are needed. If Q is orthogonal, accuracy should be good, as through­
out the computation all elements remain in the range -1 ~qW ~ 1 and division is
always by a number whose modulus lies between 1 and 2. This means that the com­
putation of (2) does not require double-precision working. Determinants of Helmuth
matrices up to order 101 were tested successfully. In tests, ± 1 is replaced by
± (1 ± TOL) and TOL set in a DATA statement to 0·0001. The setting of IFA ULT
reveals those cases where there is any doubt about the accuracy.
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SUBRC1JTINE DETQ(A. N. NN. D, IFAULT)
c
C ALClORITIIN AS 82 APPL. STATIST. (1975) VOL.24. NO.1
C
C FINDS TIlE DETERMINANT OF AN DRTHllCla(AL MATRIX
C

REAL A(NN)
INTEGER p. Q. R, S

C
DATA TOL /0.0001/

C
IF «N .LE. 0) .DR. (NN .NE. H • H» GOTO 4
IFAULT = 0
E = 1.0
Hl =H + 1
R = 1
DO 3 K = 2. Hl
Q=R

C
C EVALUATE 1/(1 - Q(l. 1» OR -1/(1 + Q(l, 1»
C

X = A(R)
Y = SIGN(1.0, X)
E = E * Y
Y = -1.0 / (X + Y)

C
C CHECK FUR UNIT DIAGalAL ELEIIENT

D
ow

nloaded from
 https://academ

ic.oup.com
/jrsssc/article/24/1/150/6953478 by R

otham
sted R

esearch user on 24 M
arch 2026



STATISTICAL ALGORITHMS

x = ABS(X) - 1.0
IF (ABS(X) • LT. TaL) GC7l'O 2

C
C CHECK Ftm NCII-CitTHOGONALITY
C

IF «X .GT. 0.0) .OR. (K .EQ. Nl» GaTO 4
C
C EVAWATE Q(R)

C
DO 1 I = K, N.
Q = Q + N
X = A(Q) * Y
P = R
S = Q
DO 1 J = K, N
P=P+l
S = S + 1
A(S) = A(S) + X * A(P)

1 ClFrINUE
2 R = R + Nl
3 ClFrINUE

D = E
RETURN

4 IFAULT = 1
RETURN
END
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DESCRIPTION AND PURPOSE

The purpose of this algorithm is the efficient evaluation of the complex discrete
Fourier transform (DFT) of a sequence of length N, X = {Xo, Xl' ... , X n - l } , defined
for this procedure as

1 N-I
Yn = -N ~ Xkexp (-j27TknfN), n = 0, 1, ... , N -1, (I)

k=O

where Y = {Yo, YI , ... , YN - I } is the transformed sequence. The inverse transform is
N-I

X k = ~ Ynexp(j27TknfN), k = 0, I, ... ,n-I.
n=O

(2)
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