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ORTHOGONAL FUNCTIONS AND TESTS OF SIGNIFICANCE IN THE

.ANALYSIS OF VARIANCE

By F. YATES

IN many types of statistical analysis based on the method of least
squares, it is necessary to test the significance of one group of effects
while admitting the possible existence of other groups of effects.
Thus, for example, the effect of the amount and distribution of
sunshine on the yield of a crop may be under consideration, it being
known that the amount and distribution of the rainfall have some
effect. In such a case the simultaneous partial regression of yield
on variates representing rainfall and its distribution and sunshine
and its distribution must be obtained. Each regression coefficient
can be tested separately by obtaining its estimated standard error
in the ordinary manner, and then using the t test, but to make a
comprehensive test of all the sunshine effects, it is necessary to have
a combined test of the whole group of sunshine regression coefficients,
making due allowance for rainfall effects.

In principle the procedure is very simple. The difference of the
reduction in the sum of squares due to the regression on both sun­
shine and rainfall variates, and that due to the regression on the
rainfall variates only, is taken. This gives the appropriate sum of
squares for making the test, the ordinary analysis of variance z test
being employed, with degrees of freedom corresponding to the
number of independent sunshine variates.

To those familiar with the structure of the analysis of variance
and the properties of orthogonal degrees of freedom, the justification
of this procedure is almost obvious, but as it is of very wide appli­
cability, and as I have had several requests for an explicit proof, it
may be worth while to give a simple demonstration here. The
opportunity will be taken of setting out the general properties of
orthogonal functions.

If a variate y is a linear function of several independent variates
Xl' X 2, ••• Xn, then the efficient estimates of the regression coeffi­
cients are given by the method of least squares (i.e., the ordinary
method of partial regression). Instead of working with the variates
Xl' X 2, ••• Xn directly, we may use linear functions of them of the
type

~l = AIXI, ~2 = [LIX I + [L2X2' ~a = VIX I + v~2 + VaXa, ••••

It can easily be shown that the partial regression equation on the
~'s, when transformed to an equation on the x's, is identical with
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the partial regression equation obtained by working with the x's
directly.

The relations between the regression coefficients of the x's and
those of the ~'s can be immediately derived from the identity

blxl + b'Jf£2 • . . . + bnxn za Bl~l + B2~2 + .. + Bn~

which gives:

.. . -,

i; = PnBn

Note that b« only involves Bn, bn- l only involves B; and BII - l , etc.
If AI' [Ll' [L2' etc., are chosen so that

S(~1~2) = 0, S(~1~3) = 0, S(~2~3) = 0, etc.,
as can clearly always be done, the ~'s are said to be orthogonal.

Orthogonal variates possess several important properties. Owing
to the vanishing of the product sums, the normal equations each
contain only one regression coefficient, being in fact:

BlS(~12) = S(~lY)' B2S(~22) = S(~2Y)' etc.

The B's are therefore immediately expressible as linear functions of
the y's, and these linear functions are also mutually orthogonal. Con­
sequently if the y's are normally and independently distributed with
unit variance about values given by a "true" regression equation,
the covariances between the B's are zero, and the variances of the
B's are given by

S(~12) 1
V(B l ) = {S(~12)}2 = S(~12)' etc.,

The reduction in the total sum of squares is

BlS(~lY) + B2S(~2Y) + + BnS(~y)
= B12/S(~12) + B22/S(~22) + .... + BII2/S(~n2).

Each component, B12/S(~12), etc., is distributed independently of all
the others, and any component for which the true value of the regres­
sion coefficient is zero, is distributed as is the square of a normal
deviate with unit standard deviation. If the true values of all the
coefficients are zero, the whole sum of squares is distributed as x2 with
n degrees of freedom, by the definition of x2•

If the regression on the first k variates only is taken, this will
be equivalent to a regression on the first k ~'s, since only the last
(n - k) ~'s contain XUl to Xn' The omission of the last k ~'s will not
affect the values of the first k B's, and consequently the reduction
in the sum of squares due to a regression on the first k variates only
IS
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The difference of these two quantities is

Bk+12jS(~k+12) + ... + Bn2jS(c,rh

and if none of the coefficients Bk +1 to B; has a true value other than
zero, it follows that this last sum of squares must be distributed as
X2 with n - k degrees of freedom.

We have already shown that bk +1, •••• bn are linear functions
of Bk+1, .... Bn only, so that Bk+1' .... Bn depend on bk+1 '

.... bn only, and if the true values of all these latter are zero, then
so are the true values of Bk +l' . . . . Bn• Consequently the test
of significance is a valid one for deviations of the group of coefficients
bk +1, ••• bn from zero.

Fisher, in The Design of Experiments, Section 61, has pointed out
that there are a multiplicity of tests of significance based on the same
null hypothesis. In the absence of any more precise information
as to the particular type of deviation that may be expected, the above
test, which will clearly detect deviations of any type provided they
are sufficiently large, is fully appropriate. Of course if deviations
of a particular type, such as that bk +l' . . . . bn all differ from zero
by about the same amount, require more close investigation, more
specific tests designed to detect the particular type of deviation under
consideration must be employed. In particular any linear function
of the b's can be tested by means of the t test. (See Fisher, Sta­
tistical Methods for Research Workers, Section 29.)

In the above proof the nomenclature of partial regression has
been used. It should be noted, however, that the proof is equally
applicable to any least square analysis involving linear functions of
the independent variates. The procedure to be followed in the
analysis of variance of a replicated experiment in randomized blocks,
for example, can be deduced immediately by assigning one group of
x's to the blocks, and another to the treatments, such that if Xl is
associated with block 1 it has the value 1 for every yield of block 1
and zero for every yield of the other blocks. The regression co­
efficients are thus replaced by block and treatment constants. In
this case the x's for the blocks will be found to be orthogonal with
the x's for the treatments, which accounts for the particularly simple
form that the analysis of variance assumes. (There are certain
complications arising from the introduction of redundant constants,
which, however, are easily overcome. For examples of this pro­
cedure see Yates (2), (3), and Irwin (1).) When there is a set of
concomitant observations, say z, however, and a regression on these.
is introduced (as in the customary analysis of covariance) it will be
found that z is not orthogonal to the block or treatment x's, so that
the test of significance has to be based on the difference between the
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sum of squares attributable to blocks, treatments and the regression
on z, and that attributable to blocks and an (altered) regression on z
only. (See Fisher, Statistical Methods, Section 49.1.)
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