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SUMMARY

Various ordination methods for mapping » units characterized by v binary variables are in
common use in which the distance between points P; and P;, representing units i and j,
approximates some function (a similarity coefficient) of (a;;, b;, c;;, d;;), the usual cell-counts
ina 2 x 2 table. Ordination generally requires (n — 1) dimensions to represent the distances
exactly, but the quantities b;;—;; can always be represented in one dimension. This leads to
a simple graphical extension of ordination that helps with interpretation, reveals
discrepancies, screens clustering possibilities and permits the recovery of approximations
to all the (a, b, c, d)}-values. Two examples illustrate the technique.
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1. INTRODUCTION

IN this note, we are concerned with the graphical representation of a set of n sample points, or
units, each of which is described by V binary (0, 1) variables. The general approach to be
followed is that of ordination, or multidimensional scaling, in which one attempts to represent
the data points by a plot in a small number of dimensions. A good account of non-metric
multidimensional scaling is that of Kruskal and Wish (1978). A general text for metric scaling
does not seem available and several sources have to be cited, see Torgerson (1958); Gower
(1966); Shepard and Carroll (1966); Sammon (1969); Blackith and Reyment (1971); Sibson,
Bowyer and Osmond (paper not yet published). The number of matches and mismatches
between the binary variables for any two given units can be represented as a 2 x 2 table, see
Table 1. Thus there are a variables with value 1 for both units, and so on for b, ¢ and d, with

TaBLE 1
2% 2 table giving the number of matches and mis-matches between two units

First Unit
1 0
Second unit a b
c d

a+b+c+d=v. When we are concerned with units i and j, these quantities will be given
suffices—thus a;; represents the number of times unit i and unit j both have value 1. By
modifying the terminology, the graphical displays discussed below apply equally to conven-
tional 2 x 2 contingency tables classified by variables rather than by units, but this aspect is not
pursued here.

The resemblance between pairs of units may be quantified by calculating some similarity
coefficient S that is a function of a, b, ¢, d. A variety of similarity coefficients in common use are

t Logica Ltd, Technical Group, 68 Newman St., London W1A 4SF.

9202 YoIeN 0z uo Jasn NOWNOD 1SIM HOYVYIASTY AVILSNVYH.LOY Ad 986£569/8€¢2/€/62/9101HE/0SSSIl/Wwod dno-olwepede//:sdiy wouj papeojumo(



GRAPHICAL REPRESENTATION OF MULTIVARIATE BINARY DATA 239

discussed by Sneath and Sokal (1973). Simple examples of similarity coefficients that occur in
the following are S;;=a;,/v and S;;=(a;;+d,;)/v. Having selected a suitable coefficient, with n
units, there are 4n(n— 1) values S;; (i=2,..,n; j=1,...,i — 1) which can be formed into an nxn
symmetric similarity matrix, usually with unit diagonal. Graphical representations of similarity
matrices are used to help assimilate the complex net of relationships between the units. In
ordination, the ith unit is represented as a point P; on a map in two, or more, dimensions in such
a way that the distance between two points P; and P; approximates the dissimilarity 1—S;; or
some function of 1—S;. In ordinations based on similarity coefficients three stages of
approximation are involved:

(i) The calculation of a, b, ¢, d loses information about which particular variables match or
mis-match. Only the number of matches, etc. is preserved.
(i) Whatever choice of similarity coefficient is made, information on all, or at least some, of
the individual values of a, b, c,d is lost; only some function of them being known.
(iii) When only a few dimensions are used in an ordination, some information is lost on each
similarity coefficient.

For example, with a simple matching similarity coefficient, S;; =(a;; +d,;)/v, we know only
(a;;+d;j) and its complement (b;; + ¢;)) but not its component parts. When the attributes 0, 1 have
a similar status and are labelled arbitrarily, this loss of information may not be serious. But
when 0 implies lack of an attribute and 1 its presence, we would probably wish to take account of
this difference in logical status and separate a; from d;;. In general, all four components
(ayj, by Cijs d;;) may be required.

In this note we give a simple method for retaining all the information currently lost at stage
(ii) of approximation and which, when used in conjunction with an ordination, recovers much of
the information lost at stage (iii). The method relies on the result that to represent all (5) values of
b;;— c;;exactly, only one dimension is needed. This follows easily from noting that x; = a;; +¢;;is
the number of 1-attributes (i.e. presences) for the ith unit, for all j, and that x; = a;;+b;; is the
number of 1-attributes for the jth unit, for all i. Consequently x;, — x; = b;;—c;;, and all n(n—1)
differences b;; — c;; may be represented by the one-dimensional plot of the values x; (i = 1,2,...,n)
which are merely the row-sums of the n x v binary data matrix.

The n x-values together with the 4n(n — 1) similarity coefficients §;;and v = a;;+b; +¢;; +dy,
allow all 2n(n — 1) values a;;, b;;, c;;, d;; to be evaluated. The details oll evaluation depend on the
choice of similarity coefficient and are illustrated here for just one choice. Suppose S;; = a;;/v.
That is similarity is expressed as the proportion of “positive” matches in each comparison. Then

USU = au; x" = au+cU; xj = au+b‘-j; v = aij+bij+cij+dij' (1)
Hence

a,-j = USU; bU = xj—vSU; Cij = x‘—vs"f; dij = v—x‘,—xj+ vsij' (2)

Similar trivial calculations relate the a, b, c, d-values to other choices of similarity coefficient (see,
for example, equation (5), below).

There is a link between x-values and the general canonical analysis of asymmetry discussed
by Gower (1977) and Constantine and Gower (1978). Suppose T is the square matrix whose
elements t;; are defined as the number of properties possessed by i but not by j. Thus in terms of
Table 1, t;; = ¢y = x;—ay and t; = b;; = x;—a;;. Then the above has shown that the skew-
symmetric matrix T — T' has elements x; — x,, and may be written x1' —1x’ where 1 is a vector of
units and x is a vector of x-values. This is the simple canonical form of the special skew-
symmetric matrix T—T".

Apart from the simple but useful properties of the x; discussed above, it is informative to
superimpose them on ordination diagrams, when this can be done without confusion. The
interpretation of such diagrams is discussed in the next section.
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2. COMBINING X-VALUES WITH AN ORDINATION

It is our intention here not to discuss particular ordination methods but to illustrate general
principles of how x-values can be combined usefully with a wide range of ordinations. To be
useful the ordination method selected should approximate adequately the similarities S;j, 50
that these values can be reliably determined by direct measurement on the resulting map. For
illustrative purposes we assume throughout this section that a matrix of simple matching
coefficients (a;; +d,;)/v is ordinated by a principal co-ordinate analysis (Gower, 1966). We recall
that this is equivalent to a principal components analysis of the given binary data. The resulting
ordination diagrams give points with distances J,; approximating (3v)*A(P;, P;) where

A(P;, Pj)2 = 2b; +cy)/v. (3)

To represent all (3) distances exactly, n—1 dimensions will normally be needed, but good
approximations J;; to A;; in many fewer dimensions can often be found. This contrasts
remarkably with the one dimension required to represent the (3) values of b;—c;,. For two
points P, P; with measured distance ;; in the ordination, we have

which together with x; = a;+cy, x; = a;+b; and v = a;;+b;;+¢;;+d;;, allows all four
components (a;;, by, ¢;;, d;;) to be recovered, depending only on the accuracy of (4). Explicitly:

X;+x;— 2z = 2ay,

—X;+Xx;+z; = 2by, )
x,-—xj+zu = ZCU,
20—x;—x;~2z;; = 2d,;

By replacing z;; by 4vA(P;, P,)* equation (5) gives the exact formulae relating the a, b, c,d-
values to the simple matching coefficient, and may be compared with (2).

Because a, b, c,d are non-negative, it follows that when P; and P; are close in an accurate
ordination, then ;; is small and therefore b;; and c;; are both small; hence x; and x; will both
approximate a;;. An appreciable difference between x-values of neighbouring points means that
the ordination is distorted in that locality. If a set of points form a compact cluster, then all
points in the set should have approximately equal x-values. The converse is not true but if any
pair of x-values differ appreciably then the corresponding points must be distant and cannot
belong to the same compact cluster. This suggests a very simple informal test for assessing
clustering potential: if the x-values themselves do not aggregate into one or more clusters then
there is little point in proceeding further. However, if the x-values do cluster, no compact
multidimensional clustering necessarily follows. The choice of simple matching coefficient to
measure similarity is not essential to this argument, only the adjacency of a pair of points implies
that b; and c;; are small.

The association between adjacent points and equality of x-values also suggests that
contours linking points of constant x-value could be informative. Pairs of points on the same
contour correspond to 2 x 2 tables in which b = ¢ although the actual common value of b and ¢
will, in general, differ for different pair of points on the same contour. Contours of x-values are
illustrated in the second example of Section 3.

Suppose P, and P, are points corresponding to units all of whose attributes are zero and
unity respectively. Then with the simple matching coefficient (3) A(P,, P;)* = 2x;/v where the
factor 2/v can be absorbed into the scaling of the plot. This shows that contours of constant x-
values are hyperspheres, centre Py, and therefore in an undistorted plane-ordination these
contours should be sets of concentric circles or, when P, is distant from the other points, sets of
parallel lines. When the approximate position of P, is itself included in an ordination, either by
operating on a sample of size (n+1), or by superimposing P, on the n-sample ordination
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(Gower, 1968), the squares of the plotted lengths P, P; approximate the value x, The super-
position technique allows the residual distance of P,, from the ordination space to be calculated,
which indicates whether or not adequate co-ordinates of P, can be placed on the same map as
the other points.

Tables with zero cells are important in some applications. We have

if a; =0 then angle P, P, P; = n/2,
if b;; =0 then angle P, P,P; = P, P, P, = 7/2,
if ¢; =0 then angle Py P;P;= P, P,P; = n/2,
if d; =0 then angle P;P, P, = /2.

Thus 2 x 2 tables with zero cells have simple geometrical interpretations in the full dimensional
space, but these may not survive approximation in fewer dimensions, unless the ordination is a
good one. In particular if P, and P, are any pair of complementary units then angle
Py P; P, = n/2 for all i, showing that in a perfect plane-ordination all units must lie on a circle
with diameter P, P,. There seems to be a case here for studying ordination procedures that
preserve angles, especially right angles, rather than distances.

2.1. Remarks on Choice of Ordination and Similarity Coefficient

It has already been noted that neither the choice of similarity coefficient nor the choice of
method for representing the values of the similarity matrix as functions of distances on a map,
that is the ordination method, are critical. The combination of a simple matching coefficient
with a principal components analysis discussed above is just one pair of choices. When positive
matches are of special interest, one possibility is to choose A%(P,, P;) = 2(1 - ay;/v), which gives a
Euclidean representation (Gower, 1971) but even non-Euclidean distances may be useful, as is
shown in the first example below. Any ordination method that gives good approximations to
the chosen similarities is acceptable and this includes non-metric methods for which measured
similarities S} are monotonically related to observed similarities S;; via a known empirical
monotonic transformation function that can be used as a calibration curve (see, for example,
Kruskal and Wish, 1978). However, metric ordination methods are more likely to preserve
useful geometrical properties, such as those which were readily determined in the previous
section for the simple matching coefficient. Of course different choices of similarity coefficient
will give rise to different geometrical properties. For example, choosing S; = a;;/v implies that
for P,and P, close, not only are b;; and c;; small, as with the simple matching coefficient, but also
d;; is small. It is a straightforward matter to investigate the properties associated with different
coefficients.

2. APPLICATIONS
3.1. Ordination of the Phthiracaroidea (Mites)

Sheals (1969) observed 128 characters for 53 species of the super family Phthiracaroidea from
which we selected 46 two-state characters with no missing information. An ordination with
distance defined by equation (3) was obtained by direct principal components analysis of the
presence-absence data-matrix but the two-dimensional fit was only fair, accounting for 68 per
cent of the total square distance. Also using (3) is slightly inconvenient for our purposes because
to recover approximations to b;; +c;;, fitted distances J;; have to be squared. Therefore we
decided to consider using a Hamming distance

AP, P) = (bis+cip)fv. (6)

Equation (6) is a special case of the city-block metric and unlike (4) derives from no real (n — 1)-
dimensional Euclidean configuration (Gower, 1971). This non-Euclidean property can have
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surprising effects. However, with these data a principal co-ordinate analysis of the distance-
matrix yields acceptably small negative roots and a good two-dimensional real Euclidean fit
(A, = 2-28, A, = 0-21, sum of positive roots = 2-80, sum of negative roots = —0-13) which is
exhibited in Fig. 1, together with the x-values.
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F1G. 1. Ordination of Phthiracaroidea using A(P,, P)) = b;;+ c;;. Each point represents one or more of 53 species with
associated x-values. The notation S; denotes species i, if it is referred to in the text.

As an additional check on the adequacy of fit we considered an alternative metric scaling
method proposed by Sammon (1969) which determines the J;;, in a specified number of
dimensions, by minimizing the criterion

C= Z (Aij - 5;‘1)2-
This criterion does not require the A;; to be a set of Euclidean distances. We did not find the
configuration J;; that minimized C but used this criterion to compare the principal co-ordinates
fits to distances defined by (3) and (6) respectively. The value of C when A;; was defined by (6) and
the principal co-ordinate distances d;; fitted in two dimensions was calculated to be 0-010 £ A},
which is even better than the value of 0-020 A,zj found when (3) was used. This reinforces the
acceptance of the principal co-ordinate fit to this data, using the non-Euclidean distance (6).

In Fig. 1 there are three distinct groups with a clear trend in x-values across all three groups
from high values in group I to low values in group I1I, suggesting that the main group differences
are in the number of characters possessed. The one exception is species number S, of group I1
which has as many characters (29) as those species of group I with fewest characters. This is an
example of species with equal x-values belonging to different clusters. Nevertheless, the
clustering of x-values closely follows the clustering of species, illustrating the informal clustering
criterion discussed in Section 2.

Estimates of the original (a, b, c,d)-values can be found from Fig. 1 and estimates of the
values both within and between groups are of interest.
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Thus group 1 is compact, with adjacent members having b and csmall and a and d both in the
low thirties. The maximum distance within group I is that between species S, ; and S, 5 for which
we have

b+c=8, a+b=36, a+c=29

giving estimates compared with true ( ) values: @ = 284 (29), b = 74 (7), ¢ = 3 (0), d = 274 (28)
which may be used to characterize group I. Group I1 is more dispersed but covers a similar area
to group L. The greatest diameter is between species S, and S, for which

b+c=10, a+b=23, a+c=29

giving: a = 21 (20), b = 2(3), ¢ = 8 (9), d = 33 (32). In group III we find neighbouring points
with rather discrepant x-values. This suggests that the ordination is distorted in this region so
that the relationships between species S, S, and S, S¢ are probably not well represented in
Fig. 1.

Coming now to investigate the differences between groups we find that the distance between
the centres of groups I and II is about b+c = 26 character differences (with a minimum
difference of 20 and a maximum difference of 37). At the centres of the two groups we have
approximatelya+b = 31 anda+c¢ = 25givinga = 15,b = 16,¢ = 10,d = 23 as average values
for the numbers of matches and mis-matches between the two groups. When P, is in group I and
P; is in group III, the area of triangle P, P; P; as observed in Fig. 1 is small. This area is
}{(a+b+c)abc}*. Now b;;+c;; = 35 (by measurement) and b;;—c;; = 14 (by differencing x-
values) so that 4bc = (b+c)>—(b—c)* = 1029 is large and hence a;; must be small for
comparisons between these two groups, showing that they have few common characters. For
example with species S, (group III), and S,; (group I) we have g;; = 6, small as expected,
contrasting with comparisons of group II with both other groups which have many common
characters, as was seen above for groups 1I and L

Only pairs of points with equal x-values have equal values of b;; and c;;, which can happen
with these data only (except for S,) when P; and P; are in the same group, implying that b;; and c;;
are both small. The projection of P, onto the ordination plane is also shown in Fig. 1; the
residual distance out of the plane of 20 character differences is large. This, coupled with a
large average residual for group II relative to the other groups, accounts for the apparent failure
of the lengths of the radii from P, to reproduce the x-values.

3.2. Application to the Utilization of Compounds by Yeasts

Barnett (1976) discusses the utilization of 23 compounds, mainly sugars, by 497 yeasts. He
has made available to us more extensive data from which we have selected 29 compounds, 22 of
which are included in the original 23. Barnett (1976) gives 2 x 2 tables for many of the different
pairs of compounds showing the number of yeasts that use both (a;)), one (by;, c;) or neither (d;))
compound, and discusses why tables with low values of either or both of b, and c;; give
information on possible metabolic pathways. We illustrate the use of x-values wf"nen combined
with ordination based on (3) in analysing these data; other aspects of analysis are discussed by
Gower (1980). The plot of the 29 compounds relative to the first two principal axes is given
together with their x-values in Fig. 2. This ordination accounts for only 45-1 per cent of the total
similarity but does reveal interesting structure.

Examining next the x-values it is seen that Galactitol is utilized by only 44 yeasts and lies to
the extreme right of the plot. The compounds ethanol and succinate are utilized by 400 and 390
of the 498 yeasts respectively, and are plotted to the extreme left. Between these two extremes
there is an increasing (from right to left) utilization of compounds by the yeasts. This trend is so
strong that contour bands of x-values can be superimposed on the plot. Because the ordination
fitis poor it would be wise to treat measured distances on the plot as very rough approximations
to (b + c)*. Nevertheless, the evidence of real structure is ample enough to make it worthwhile,
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for exploratory purposes, to investigate Fig. 2 a little more closely. Somewhat surprisingly the x-
values do not indicate any dramatic distortion in the ordination. The worst region seems to be
that between the 200 and 300 x-value contours and especially the sudden change between
melezitose (x = 211) and D-galactose (x = 262). Elsewhere citrate (x = 315) seems to be plotted
further to the left than is consistent with good distance preservation.
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FIG. 2. Ordination of sugar-related compounds using A (P, P)) = (b;+¢;)*. Each point represents one of 29
compounds with associated x-value. The parallel lines are contours of constant x-value.

Neighbouring points indicate tables with small b and c. Examples consistent with Barnett’s
tables are salicin with cellobiose, sucrose with maltose and lactose with melibiose. Points close
to P, will have small values of a and b as do lactose and D-arabinose. Points close to P, would
have small 4 and b but there are no such substances in Fig. 2. When c is small and b large (or vice
versa) we require S, = b+ cand |b—c| to be similar in size. The contours indicate the values of
b— ¢ which are given exactly for any two substances by subtracting their x-values. The scale for
(b +c)* allows b+ c to be calculated, but only approximately in view of the poor ordination. For
given b —c it is easy to evaluate (b +c)? in terms of the graph-scale and so pick up likely pairs of
candidates for which b or ¢ = 0. For example, for raffinose with sucrose or maltose,b—c = 120
and b + ¢ = 125. However, for maltose and L-arabinose, b— ¢ = 146, which is similar to the two
previous values, but b+ ¢ = 290 (true value 215) corresponding to the much longer distance,
and correctly ruling out the possibility of b or ¢ being near zero.

4. CONCLUSION

1. Plotting x-values is a simple but effective method for checking the accuracy of ordinations of
binary data and offers a useful screening test before cluster analysis.
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2. x-values permit the recovery of approximate values of the entries of the 2 x 2 table from
which the ordination was derived. In particular tables with special structure such as zero
values can be picked out visually.

3. As illustrated by the two examples, x-values can be a useful interpretive device.
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