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Abstract

Tortuosity is a parameter characterising the complexity of pore geometry in porous media for
fluids and solutes to move through. It is loosely defined and has been calculated by different
methods based on either the pore geometry or a special transport process. While it has been
known that tortuosities calculated from different methods vary, it remains obscure if there is
a one-to-one relationship between them, especially for soils which are not randomly
structured but self-organised by a myriad of interactive biotic and abiotic processes. We
studied this based on X-ray images of 30 soil aggregates taken from fields which have been
under different land managements for more than 70 years and thus have contrasting
structures. The tortuosity of every soil sample was calculated using three methods: viscous
fluid flow, solute diffusion, and geometric structure of the pores, with the former two
calculated from pore-scale simulations. The results showed that although the tortuosities
calculated by all methods are correlated, their correlation is weak and there is no one-to-one
relationship between them. On average, the tortuosity calculated from fluid flow is the
highest and the geometrical tortuosity is the least, with that calculated from solute diffusion in
between. The tortuosity calculated from all three methods decreases as porosity increases,
but the coefficient of determination is low. We also found that the bulk diffusion coefficient
cannot be predicted using geometrical tortuosity and porosity of the soil from the formulae
suggested in the literature. These findings reveal that tortuosity is a process-dependent
parameter rather than an intrinsic soil property, and that tortuosity calculated from different
methods cannot be used interchangeably to estimate soil transport parameters.

Keywords: Tortuosity; solute diffusion; viscous fluid flow; soil aggregates; pore-scale
simulation.



37
38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

1. Introduction

Imaging technologies have been used increasingly over the past two decades to
investigate soil structural change following long-term and short-term agronomic practice
changes (Dal Ferro et al., 2013; Garbout et al., 2013; Gao et al., 2017; Bacg-Labreuil et al.,
2018; Galdos et al., 2019). The analysis of soil images is usually based on their
morphologies using parameters such as pore-size distribution, critical pore diameter,
Eulerian numbers and tortuosity (Rabot et al., 2018; Bacg-Labreuil et al., 2019; Koestel and
Schluter, 2019; Bacg-Labreuil et al., 2020; Koestel et al., 2020). Unlike other morphological
parameters which are scalar, tortuosity characterises how tortuous the pore geometry in a
soil is for fluids and solutes to move through and is hence direction-dependent (Barrande et
al., 2007). Although the physical meaning of the tortuosity can be adequately defined for
idealized media such as capillary tubes, its definition and calculation for complicated
materials such as soil are not trivial and continue to attract interest (Ghanbarian et al., 2013;
Fu et al., 2021). In the literature, the tortuosity has been calculated either as a geometrical
parameter, or from a specific transport process such as viscous fluid flow (Koponen et al.,
1996) and solute diffusion (Pisani, 2011).

The tortuosity of porous materials has been known to vary with its calculation method
(Shanti et al., 2014), and even for the same transport process, there are different ways to
calculate its associated tortuosity and the consequent results vary (Koponen et al., 1996;
Shanti et al., 2014). Despite these, it appears to have been accepted that tortuosities
calculated from different methods could be used interchangeably. For example, tortuosity
calculated from solute diffusion has been used to approximate the tortuosity of viscous fluid
flow (Peng et al., 2014; Backeberg et al., 2017), and the bulk diffusion coefficient of solute in
porous materials was estimated based on their porosity and geometrical tortuosity (Epstein,
1989).

The tortuosity of a medium for fluid flow is normally defined as the ratio between the
Eulerian distance between the two ends of streamlines to the average length of the

streamlines. In contrast, the tortuosity for solute diffusion is often calculated as the ratio of its
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molecular diffusion coefficient to its bulk diffusion coefficient, despite the fact that, similar to
fluid flow, solute also moves along diffusing-lines perpendicular to the concentration
gradient. As there is no consensus on how to define the tortuosity for solute diffusion, its

calculation varies with some defining it as t =eD,/ D, (Barrande et al., 2007), while others

calculating it ast =¢,/D,/ D, (Epstein, 1989), where ¢ is porosity, D, and D, are bulk diffusion

coefficient and molecular diffusion coefficient of a solute respectively. Inversely, these
formulae have also been used to estimate bulk diffusion coefficient of soils for solute to
move when porosity and geometrical tortuosity of the soils are known.

Tortuosity is a parameter characterising the impact of pore geometry of soil for fluids
and solutes to flow through, and it hence depends on both soil structure and the transport
processes. Tomography can provide an image of soil structure in great detail with the pixel
size less than micrometre (Bacg-Labreuil et al., 2018; Zhang et al., 2021), but it is unable to
allow visualising fluid flow and tracer movement through the soil. Pore-scale simulations can
bridge this gap (Zhang et al., 2016a; Zhang et al., 2016b), enabling us to mimic viscous fluid
flow and solute diffusion in the pore space. It has been used in combination with imaging
technology to calculate tortuosity of both viscous flow and molecular diffusion in granular
materials (Matyka et al., 2008; Shanti et al., 2014; Fu et al., 2021). However, soils are
different as their structure is not purely random but highly self-organised, mediated by a
multitude of interactive biotic and abiotic processes, especially microbial activity and
decomposition of soil organic matter (Young and Crawford, 2004; Crawford et al., 2012;
Rabbi et al., 2020).

The purpose of this paper is to investigate how soil tortuosities calculated from different
methods differ from each other, and if there is a generic relationship between them which
applies to all soils regardless of their structures. We compared three methods; the first two
were for fluid flow and solute diffusion, with their associated tortuosity calculated from pore-
scale simulations; the third one was geometrical, calculated based on how pores were

connected spatially. We analysed 30 soil aggregates with contrasting structures; they were
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taken from fields under different land managements for more than 70 years. Considering that
one important application of the tortuosity is to estimate soil transport parameters, we took
bulk diffusion coefficient as an example, examining if the geometrical tortuosity and porosity
can be used to reliably estimate the average ability of soils to transport solutes.
2. Materials and methods
2.1. The soils

The soils used in this work were those studied previously (Bacg-Labreuil et al., 2018).
They were sampled from a long-term experiment established in 1945 at Rothamsted
Research in the UK to test the impact of different land managements on carbon dynamics
and ecological yield. Details of the experiment were given in the literature (Gregory et al.,
2016; Hirsch et al., 2017; Bacqg-Labreuil et al., 2018). The soil is Chromic Luvisol, having a
silty clay loam texture developed on recent clay-with-flints over Eocene London Clay
(Gregory et al., 2016). Before the management change in 1945, the weight-fraction of sand,
silt and clay in the soil was 15%, 59% and 26% respectively. Overall, 12 aggregates were
taken from an arable land, 11 from a permanent grassland, and 9 from a fallow plot. Each
aggregate was scanned using X-ray Computed Tomography at resolution of 1.5um, and the
size of each image used in the following analysis was 650x480x400 voxels (Bacqg-Labreuil et
al., 2018).
2.2. Pore-scale simulation

We calculated the tortuosity associated with fluid flow and solute diffusion as these are
the two most important transport processes in terrestrial systems, controlling all soll
functions including biogeochemical reactions and root uptake of water and nutrients. The
tortuosity for each transport process was calculated based on pore-scale simulations using
the Lattice Boltzmann model we developed previously (Zhang et al., 2016a; Li et al., 2018b).
For completeness, we briefly explain the method and, importantly, how it was used to
calculate the tortuosity.

2.2.1. Viscous fluid flow



119 Viscous fluid flow through the pore space of the soils was simulated using the following

120  multiple-relaxation time Lattice Boltzmann model (d'Humieres et al., 2002)

121 f(x+3te,t+3t)=f (x,t)+ MM H*(x,t) - f (x.t)H 1)
122 where f, (x,t) is the distribution function at location x and time t moving with lattice velocity e;,

123  dxis the voxel size, dt is the time step, . (x,t) is the equilibrium distribution function, M is

124 a transform matrix and S is the collision matrix. The transformation matrix M converts the

125  distribution functions into a moment space prior to performing the collision operation -

126 m=3SM H*(x,t)- f (x,t)E. The post-collision results were then transformed back to

127  distribution functions by M "m. We used the D3Q19 lattice model in which the distribution

128  functions move in 19 direction with lattice velocities (0, 0, 0), (+8x/3t, +&x/&t, 0),
129 (0, £3x/3t, £dx/8t), (+dx/dt, 0, +dx/dt)and (+3x/3t, +x/dt, +x/3t) (Qian et al.,

130 1992). Detail of the transform matrix was given in the literature (d'Humiéres et al., 2002).

131  The collision operation is described by the following diagonal matrix (Pan et al., 2006):

S= (9051515505, %:5 %5150 S 520851540851 S50 87 Ss) s
132 $787$75=0, o
S, =S5 =1/T,
S =8 =8 =S54, =8(2-11)/(8-17).

W
1

133  The equilibrium distribution functions used in the simulations are

0 2 ul
for = §,+p0§3‘12m+9(e ) —3‘@%

2c’ 2c?
134w, =1/3, ®3)
w =1/18, le || =ox/at
w=1/36 e || = /251 8t

135 where c=0x/0dt and p,is a reference fluid density to ensure fluid incompressibility when

136 flow is in steady state (Zou et al., 1995). Bulk fluid density p and velocity u during the

137  simulation were updated by
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The kinematic fluid viscosity y and the fluid pressure p simulated by the Lattice Boltzmann

method are L =8’(1—0.5)/68t and p=pdx*/3dt> respectively. Advancing one time step

needs two calculations; the first one is collision: f = f, (x,t) + M ™M Hf,“ (x,t) - f, (x,t)E, and

the second one is to move the post-collusion result ;" at location x to x + dte during the time

period of 6t. Whenever a particle hits a solid voxel during its movement following the
collision, it is bounced back to its original location to make the walls of the solid voxels a
non-slip boundary where the fluid velocity is zero.

In all simulations, the initial fluid velocity was zero everywhere and the flow was
initialized by a pressure gradient generated by imposing a constant pressure on one face of
the image and a low pressure on its opposite face. The flow was simulated to steady state —
deemed to have reached when the relative difference between the sum of the absolute fluid
velocity at all voxels at two time points separated by 300 time-steps was less than 10-.
When fluid was at steady state, its associated tortuosity in the direction along which the
pressure gradient was generated was calculated from (Koponen et al., 1996; Duda et al.,

2011):
: (5)

where N is the number of fluid voxels, u, (X, )is the velocity component at the voxel centred
at x; and in the | direction aligning with the pressure gradient.
2.2.2. Diffusive solute transport

Solute diffusion in the pore space was also simulated using the Lattice Boltzmann model

as follows assuming the water was stagnant (Zhang et al., 2016a):

g (x+3te, t+3t) = g, (x,t) +A B (x,t) - g, (x,t)B (6)
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where g; (x,t) is solute particle distribution function at location x and time t moving with lattice

velocity e, g™ (X,t) is the associated equilibrium distribution function, and /1 is a relaxation
parameter. Unlike viscous fluid flow, solute diffusion is constrained by mass conservation

only and we thus reduced the lattice velocities from 19 to 7: (0, 0, 0), (+3x/dt, 0, 0),
(0, £3x/8t, 0)and (0, 0, +&x/3t). The associated equilibrium distribution functions for the

seven lattice velocities were the same: g™ (x,t) = c(x,t)/7, where ¢(x,t) is solute

concentration at location x and time t. During the simulation, the concentration ¢ and
diffusive flux J were updated from (Zhang et al., 2010)

o{x)= 3 10 (x.1)

6 (7)
J(x,t) =(1.0-0.5)) > L8 a (X

The diffusion coefficient simulated by the model above is D =& (1/A —0.5)/3.53t . Similar as
for viscous flow, simulating solute diffusion also needs two calculations to advance one time

step: a collision calculation: g/ =g (x,t)+A ™ (x,t)-g (x,t)g and a streaming calculation

to move g; from x to x + dte during the time period of 5t. If g; hits a solid wall during its

movement, it is bounced back to where it came from to make the wall impermeable to the
solute.

Similar as in the fluid flow simulation, the initial concentration in the solute simulation
was also zero everywhere and solute movement was initiated by a concentration gradient
generated by imposing a constant concentration at one face of the sample and a low
concentration on its opposite face. The diffusion was simulated to steady state - deemed to
have reached once the relative difference between the sum of the absolute diffusive flux in
all voxels at two time points separated by 300 time-steps was less than 106. At steady state,
the diffusive fluxes at all voxels were sampled to calculate the tortuosity in a similar way as

in the fluid flow:
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where J(X;) is the diffusive flux vector at voxel centred at x; and J, (x,) is its associated

component in the | direction in parallel with the concentration gradient generated across the
sample.
When the diffusion was at steady state, we also calculated the bulk diffusion coefficient

D, for each sample as follows:

=z, 9)

where L is the length of the soil sample in the direction where the concentration gradient was
generated, and C; and C, are the high and low concentrations imposed on the two opposite
faces of the sample, respectively, other variables are the same as those in Egs. (5) and (8).

When soil is anisotropic, the tortuosity calculated using the method above varies with
direction. To examine soil anisotropy, for each sample we calculated its tortuosity in different
directions by switching the pressure and concentration gradients between the three
orthogonal directions.
2.2.3. Geometrical tortuosity

We calculated the geometric tortuosity of each soil sample based on its pore geometry.
Different methods are available to calculate geometrical tortuosity and in this paper we used
a plugin in Image J developed by Roque and Costa (2020); it was based on the geodesic
reconstruction method (Gommes et al., 2009), with the tortuosity calculated as the ratio
between the geodesic distance and the Eulerian distance between two parallel planes.
3. Results

Figure 1 shows the pore geometry of three aggregates with each representing one
treatment. Since we aimed to compare tortuosities calculated from different methods rather

than to discuss how intra-aggregate structure and its associated tortuosity changed in
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response to the land management changes taking place 70 years ago, we pooled all results
except where otherwise stated in the following analysis.
3.1. Tortuosity

The tortuosity calculated from the three methods for most aggregates was in the range
of 1.2 - 2.0, depending on aggregate and the calculation method. The tortuosity of the same
sample varied with the method used to calculate it. Figure 2A compares the transport
tortuosity calculated from solute diffusion and the geometrical tortuosity for all 30 samples in
the three directions. On average, they are positively correlated, but there is no one-to-one
relationship between them and the correlation is weak. Overall, the transport tortuosity (the
horizontal axis) is higher than the geometrical tortuosity with the majority of the results falling
below the 1:1 line. The deviation from the 1:1 line widens as the tortuosity increases.

Figure 2B compares the transport tortuosity and the flow tortuosity calculated from fluid
flow for all 30 samples in the three directions. On average, the flow tortuosity (the horizontal
axis) is higher than the transport tortuosity with most results falling below the 1:1 line. Similar
to Figure 2A, the deviation between them also increases as the tortuosity increases.

3.2. Porosity-tortuosity relationship

Figure 3 shows the change in tortuosity with porosity for all samples taken from each
treatment. Regardless of the calculation method, the tortuosity is positively correlated with
the porosity, but their correlation is weak. Empirical formulae including power-law function
and exponential function have been used to fit the porosity-tortuosity relationship (Matyka et
al., 2008), and we fitted the results to a power-law function. The accuracy of the fitting varies
between the calculation method, with the coefficient of determination increasing from 0.27
for the flow tortuosity to 0.67 for the geometrical tortuosity and the exponent varying between
-0.277 and - 0.196. All aggregates are cuboid and the results showed that the geometrical
tortuosity and the transport tortuosity in the x direction (shown in Figure 1) were slightly
higher than that in other two directions. In contrast, the flow tortuosity was almost the same
in all three directions.

4. Discussion
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4.1. Tortuosity calculated by different methods

Tortuosity is a parameter characterising how the pore geometry in a soil modulates fluid
flow and solute transport. Although the physical meaning of the tortuosity can be accurately
defined and calculated for idealised media such as capillary tubes, their extrapolation to soils
is not trivial and continues to be a research interest (Ghanbarian et al., 2013; Lala, 2020; Fu
et al., 2021). One important question is to what extent tortuosities calculated from different
methods are interchangeable. This is practically attractive as soil porosity and geometrical
tortuosity are relatively easy to measure and calculate, and if there is a one-to-one
correlation between tortuosities associated with different transport processes, these easy-to-
measure geometrical parameters can be used to estimate transport parameters which are
far more complicated to measure and calculate. Early theoretical analysis indicated that bulk
diffusion coefficient and permeability of porous medium were related to its geometrical
tortuosity and porosity (Epstein, 1989), and there appears to be a consensus that knowing
geometrical tortuosity and porosity of a soil would be sufficient to calculate its transport
parameters associated with different transport processes (Shanti et al., 2014). An typical
example is solute diffusion, where analytical formulae had been developed to calculate its
bulk diffusion coefficient in soils using their geometrical tortuosity and porosity (Shanti et al.,
2014; Fu et al., 2021). These analytical formulae, however, were derived based on capillary
tubes or granular media, and it remains elusive if they apply to soils which are not randomly
packed particles but self-organized porous assemblage formed by a multitude of interactive
biotic and abiotic processes operating across a wide range of scales (Young and Crawford,
2004; Crawford et al., 2012). The results calculated from the 30 soil aggregates with
contrasting structures indicated that these formulae do not apply, and that the tortuosities
calculated from different methods are only loosely correlated (Figure 3). In particular, the
flow tortuosity is the highest and the geometrical tortuosity is the least, with the transport
tortuosity in between. This is anticipated as fluid flow is viscous and the non-slip nature of
pore walls means that fluid flows preferentially into large pores bypassing small pores. As a
result, spatially connected large pores affect viscous flow and its associated tortuosity more

10



264  than small pores (Zhang et al., 2021). In contrast, solute can slip over pore walls and the
265  diffusive flux is hence not predominantly controlled by large pores. For example, the

266  permeability of a cylindrical pore for viscous fluid flow is proportional to the square of its
267  diameter, while its bulk diffusion coefficient for solute transport is independent of the pore
268  diameter.

269 Similar to fluids in soil which flow along streamlines, solute diffusion also follows

270  streamline-like pathways which are perpendicular to the concentration gradient. In lieu of
271  using bulk diffusion coefficient to estimate the transport tortuosity, we directly calculated it
272  based on the diffusive flux in all voxels calculated from the pore-scale simulation, which is
273  more physically sound. While the resistance of small pores to solute diffusion is not as

274  significant as to viscous fluid flow, connected large pores are still easy for solute to move
275  through. Therefore, although the transport tortuosity is smaller than the flow tortuosity, with
276  few exceptions, it is still greater than the geometrical tortuosity (Figure 2).

277 For soil taken from each of the three treatments, its tortuosity calculated by different
278 methods decreases as its porosity increases, but the coefficient of determination is low,
279  especially for the flow tortuosity. This was expected as tortuosity associated with a transport
280 or flow process in a soil depends not only on how many pores are in the soil but also on how
281  pores of different sizes are connected spatially; this applies to the geometrical tortuosity
282  which also depends on pore connection. The variation in tortuosity with porosity for soil
283 taken from each of the three treatments can be fitted to a power-law function with its

284  exponent varying from -0.277 to -0.196, depending on the calculation method (Figure 3).
285 This is less than those reported in the literature, which, for example, is - 0.5 for rock (Lala,
286  2020), indicating that the tortuosity of soils is less sensitive to porosity change due to their
287  self-organized structures (Young and Crawford, 2004; Crawford et al., 2012).

288 Soil is hierarchically structured, formed by interactive abiotic and abiotic processes
289  (Young and Crawford, 2004). It contains a large number of large pore bodies, which

290 contribute to porosity but have limited impact on transport ability. For a hydraulic conduit
291  consisting of a series of pores, it is the small pores that control fluid flow — the so-called
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bottleneck - as average permeability of the conduit is the geometric mean of the permeability
of all pores (Li et al., 2018a). As an illustration, Figure 4 shows how the pores of different
sizes are connected spatially in a soil sample. It is evident that there are a number of large
pore bodies linked by small pores, which make only limited contributions to the ability of the
soil to transport fluids and solutes.

4.2. Implications

The application of tomography technologies in soil research over the past decade has
generated massive 3D images of intact soils with different textures under various agricultural
managements and climatic conditions (Baveye et al., 2018). In parallel, development in
commercial and open-source software has made image analysis readily accessible. For
example, morphological parameters such as pore-size distribution, geometrical tortuosity
and pore skeletons in an image can be quickly calculated using the plugins in Image J
(Schindelin et al., 2012; Roque and Costa, 2020). The ultimate purpose of soil image
analysis is to link these morphological parameters to soil functions (Graczyk and Matyka,
2020), especially fluid flow and solute diffusion which are fundamental as they control almost
all physical and biogeochemical reactions and modulate root uptake of water and nutrients
from soils (Mooney et al., 2012; Helliwell et al., 2017; Rabbi et al., 2018).

Unlike morphological parameters, calculating transport parameters needs to simulate
transport processes which are governed by a set of nonlinear partial differential equations.
Solving these equations is computationally demanding because the soil samples should be
large enough to be representative while their voxel size needs to be small enough to capture
key microscopic features. Most soil images thus consist of hundreds of millions of voxels;
simulating any transport process in such images requires high performance computing even
using smart storage to remove the solid voxels which are not involved in fluid flow and solute
diffusion (Wang et al., 2005). Currently, most studies of soil structural alteration induced by
agronomic practice changes have focused on morphological parameters with a view that
these parameters can be used to estimate transport parameters (Epstein, 1989). One typical
example is the bulk diffusion coefficient of solute transport, which has been proven,
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theoretically, related to porosity and geometrical tortuosity of soil in D, = D,/e/1* (Epstein,

1989). This relationship has been accepted and even used widely to calculate tortuosity from
pore-scale simulation (Shanti et al., 2014), and experimental measurement (He et al., 2013).
To examine if this formula holds for the 30 soils we studied, we compared the bulk diffusion
coefficient directly calculated from the pore-scale simulations with that estimated from the
above formula using the geometrical tortuosity and porosity of each soil sample. The results
were shown in Figure 5. It is manifest that the formula underestimated the ability of the soils
to transport solutes because it was derived based on idealized media which differ from soils.

However, we found that the bulk diffusion coefficient of the soils can be estimated by

modifying the formula to D, =kD,e/1* with k=1.52. This is consistent with the results of Fu
et al (2021) who found that the “tortuosity” calculated from/eD,/D was substantially greater

than the flow and transport tortuosity. We cannot verify that k=1.52 is a universal coefficient
or only applies to the 30 samples due to the limited number of soil samples we simulated.
Nonetheless, these results suggest that great care should be taken when using porosity and
geometrical tortuosity of soils to predict their transport parameters for fluid flow and solute
diffusion.
5. Conclusion

We calculated the tortuosity of 30 intact soil aggregates using different methods and
found that the tortuosity is a process-based parameter rather than an intrinsic soil property in
that the tortuosity of a soil varies with the method used to calculate it. For tortuosities
calculated using the three methods: viscous flow, solute diffusion and pore geometry, the
flow tortuosity is the highest and the geometrical tortuosity is the least, with the transport
tortuosity in between. The tortuosities calculated by different methods are only weakly
correlated, suggesting that they cannot be used interchangeably. The tortuosity of soil taken
from the same treatment decreases as its porosity increases, but the coefficient of

determination is low. The bulk solute diffusion coefficient calculated directly from the pore-
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scale simulation showed that it cannot be predicted using soil porosity and geometrical

tortuosity from the formulae suggested in the literature.
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497  Figure 1. Three soil images with each representing illustratively the impact of land
498 management. (A) grassland, (B) arable land, (C) bare fallow land.
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Figure 2. Comparison of tortuosity calculated from different methods. (A) The relationship
between the geometrical tortuosity 14 and the transport tortuosity calculated from solute
diffusion 14 (symbols), in comparison against the 1:1 line (solid line). (B) The relationship
between the transport tortuosity and the flow tortuosity t; calculated from viscous fluid
(symbols), in comparison against the 1 : 1 line (solid line).
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521  Figure 4. Spatial location of pores of different sizes calculated for Sample B in Figure 1
522  using the plugin Bone J in Image J. The pore size increases from dark to bright.
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527  Figure 5. Comparison between the bulk diffusion coefficient calculated from the pore-scale
528 simulations (normalised by it diffusion coefficient in water Dg) with that estimated from

529  porosity and the geometrical tortuosity (D' =£/r§ ). The dotted line is the 1:1 line and the
530 solid line is the fitting of D,/D, =1.52D".
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